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1 Introduction 



In recent years multiplier ideals have emerged as an important tool in al- 
gebraic geometry and commutative algebra. For the history of multiplier 
ideals and for more details concerning their general theory we refer to [10] . 
Given an ideal J in a regular local ring, its multiplier ideals J{cl) form a 
family parametrized by non-negative rational numbers c. This family is to- 
tally ordered by inclusion and the parametrization is order reversing, i.e., 
c < c' implies J{dT) C J{cl). The jumping numbers associated to the 
ideal / are those rational numbers ^ satisfying J{il) C J{{^ — e)I) for 
all e > 0. Jumping numbers of an ideal encode information about the sin- 
gularities of the corresponding subscheme. The first one of these numbers, 
the log-canonical threshold, has been much studied in birational geometry. 
A good source for information about jumping numbers is the fundamental 
article |i3j by Ein, Lazarsfeld, Smith and Varolin. 

The purpose of the present manuscript is to determine the jumping num- 
bers of a simple complete ideal a in a two dimensional regular local ring a, 
and investigate their connection to other singularity invariants associated to 
the ideal. Recall that an ideal is called simple if it is not a product of two 
proper ideals. Simple ideals play a fundamental role in Zariski's theory of 
complete ideals, his famous theorem about the unique factorization of com- 
plete ideals saying that every complete ideal can be expressed uniquely as a 
product of simple ideals. Zariski thought of complete ideals as linear systems 
of curves satisfying "infinitely near base conditions". His theorem about the 
unique factorization of a complete ideal then corresponds to the factorization 
of a curve into irreducible branches. This leads us to consider the jumping 
numbers of an analytically irreducible plane curve. In particular, we are in- 
terested to compare the jumping numbers of a simple complete ideal to those 
of the analytically irreducible plane curve defined by a general element of the 
ideal. 

Based on the proximity relations between infinitely near points, our meth- 
ods are very much arithmetical in nature. The advantage of this approach 
is that tecniques needed are elementary. Moreover, our results hold in every 
characteristic. 

Let us explain our results in more detail. We first define the notion of 
a log-canonical threshold of an ideal with respect to another ideal. It turns 
out in Proposition 16.71 that jumping numbers are log-canonical thresholds 
with respect to suitable ideals. We then utilize the proximity relations to 
calculate these numbers (see Propositions 17.21 and 17. 5p . In our main Theorem 
18.31 we give the promised formula for the jumping numbers. Consider the 
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composition of point blow-ups 



?C — ?C, 



X2 ^ Xx = Spec a, 



obtained by blowing up the base points of a. It turns out that the set 
of jumping numbers is Ha = Hq U ■ ■ ■ U Hg*, where the sets Hq, . . . , Hg* 
correspond to the stars of the dual graph arising from the configuration 
of the irreducible exceptional divisors on X. A star is a vertex associated 
to an irreducible exceptional divisor which intersects more than two other 
irreducible exceptional divisors (see page[T5]). More precisely, assume that 
(ai, . . . , a„) is the point basis of a (see page [5]) and let {71, . . . , 7^*} be the 
set of indices corresponding to the star vertices. Set 70 = 1 and 7g*+i = n, 
and for every u = 0, . . . ,g* write 



a\ + 



+ a. 



Then 



for z/ = 0, 



s + 1 t + 1 



.g* - I, while 



m 



"7-^+1 



s,t,m e N, 



t + 1 ^ 1 



1 t+l 



s,teN 



We point out in Remark 18.21 that the numbers a^^, 60, • • • above are in fact 
the " Zariski exponents" of the ideal. They are conventionally denoted by (3,y 
while the integers a^^ are often denoted by Cj, for every u. 

As a consequence of the main result, it turns out in Theorem 18. 171 that 
the set of jumping numbers gives equivalent data to the information obtained 
from the point basis. The proof of this result is based on our Theorem 18.181 
which shows that the three smallest jumping numbers determine the order 
of the ideal. 

In fact, to obtain the point basis from the jumping numbers we only need 
to know the elements = l/a^/„ + l/b,y = minHi, in every set Hq, . . . , Hg*. 
This is proved in Corollary 18.151 We shall observe in Proposition 18.141 that 
= min{^ G Ha \ ^ > 1/a^^}. Note that is the log-canonical threshold of 
the ideal, which is already enough to determine the point basis and thereby 
all the jumping numbers, in the case the ideal is monomial. In a way, we 
may regard the sequence (^q, . . . , ^^*) as a generalization of the log-canonical 
threshold. In Corollary 18. 121 we give also a formula e(a) = (^' — 1)~^, where 
^' := min{^ G Ha | ^ > 1}, for the Hilbert-Samuel multiplicity of the ideal a. 
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Utilizing the equivalence between simple complete ideals and analytically 
irreducible plane curves, we can now determine the jumping numbers of an 
analytically irreducible plane curve as well. It follows from [lOl Proposition 
9.2.28] (see also Proposition 19.31) that the jumping numbers of our simple 
complete ideal o coincide in the interval [0, 1[ to those of the analytically 
irreducible plane curve corresponding to a "general" element of o. In fact, 
these numbers determine the jumping numbers of o as soon as the integer 
n appearing in the resolution ([T]) is known (see Theorem 19.91 and Remark 
I9.10p . It is also worth to note that the word " general" can be interpreted here 
in the sense of Spivakovsky: Consider the resolution ([T]) above. Following 
[20l Definition 7.1] and [3, Definition 1], an element / G a is defined to 
be general, if the corresponding curve Cf is analytically irreducible and the 
strict transform of C/ intersects the strict transform of any exceptional divisor 
passing through the center of vr^ transversely at this point. 

Our formula for the jumping numbers of an arbitrary analytically irre- 
ducible plane curve in Theorem 19.41 shows that the jumping numbers depend 
only on the equisingularity class of the curve. Remarkably, it turns out in 
Theorem 19.81 that the jumping numbers actually determine the equisingular- 
ity class. Thus one can say that information about the topological type of 
the curve singularity is encoded in the set of the jumping numbers. 

One should note that in the case of an analytically irreducible plane 
curve singularity over the complex numbers our formula can be obtained 
more directly using the general theory of jumping numbers. Indeed, in pT| 
p. 1191] and [22", p. 390] Vaquie observed that the jumping numbers can 
be read off from the Hodge-theoretic spectrum defined by Steenbrink and 
Varchenko. This spectrum has in turn been calculated by several authors, 
starting from an unpublished preprint of M. Saito [T71 Theorem 1.5]. One 
should also note that Igusa found a formula for the log-canonical threshold 
of an analytically irreducible plane curve with an isolated singularity (see 
[8]), and that this result was generalized to reducible curves by Kuwata in 
[9l Theorem 1.2]. 

After finishing this paper I received a manuscript [18] by Smith and 
Thompson, which treats a similar problem from a different perspective. 

2 Preliminaries on complete ideals 

To begin with, we will briefly review some basic facts from the Zariski-Lipman 
theory of complete ideals. For more details, we refer to [2], [13!, ^\ ^^"^ 
|23j . Let /C be a field. A two-dimensional regular local ring with the fraction 
field /C is called a point. The maximal ideal of a point a is denoted by vcia- 
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Write ordc for the unique valuation of /C such that for every a; G a \ {0} 

ordQ,(x) = max{z/ | x G m^}. 
A point /9 is infinitely near to a point a, if 

/? D a. 

Then the residue field extension a/xWa C 13/vn.p is finite. In the following 
we will always consider points infinitely near to a fixed point, which has an 
algebraically closed residue field k. 

Take an element x G ttIq, \ m^. A quadratic transform of the point a is 
a localization of the ring a[mQ,/x] at a maximal ideal of a[mQ,/x]. Any two 
points a C /? can be connected by a unique sequence of quadratic transforms 
a = «! C ■ ■ ■ C a„ = /3. 

Assume that a point /5 is a quadratic transform of the point a. Then the 
ideal vcia(3 is generated by a single element, say b E p. Let a be an ideal in 
a. The transform of an a at /5 is a'^ := 6~°''*^'^("^a/3. For any point P D a, 
the transform is then defined inductively using the sequence of quadratic 
transforms connecting a and j3. It follows that if 7 D /5 D a are any points, 
then a"' = [a^y. If 0. has a finite colength, then so does a^. Moreover, if a is 
complete, i.e., integrally closed, then so is a^. 

The non-negative integer ord/3(a^) is called the multiplicity of a at 13. In 
the case this is strictly positive we say that the point /3 D a is a base point 
of the ideal a. The support of a is the set of the base points, which is known 
to be a finite set. The point basis of the ideal a is the family of multiplicities 

B(a) := {ord^(a^) | /5 D a}. 

Since the transform preserves products, i.e., {ahY = a^b^ for any finite 
colength ideals a, b C a, we have B(ab) = B(a) + B(b). If in addition 
and b are complete, then the condition ord/3(a^) > OTdf^{b^) for every point 
/3 D a implies a C b. Moreover, o = b exactly when ordp^a^) = ordp^b^) for 
every point /5 D a. 

By the famous result of Zariski p3| p. 385] a complete ideal in a factorizes 
uniquely into a product of simple complete ideals. Recall that an ideal is 
simple, if it is not a product of two proper ideals. There is a one to one 
correspondence between the simple complete ideals of finite colength in a and 
the points containing a (see e.g. [Hj p. 226]). The simple ideal corresponding 
to a point (3 D a is then the unique ideal o in a, whose transform at f3 is the 
maximal ideal of jS. The base points of a are totally ordered by inclusion, 
and if a = ai C ■ ■ ■ C a„ is the sequence of the base points of a, then 
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an = p. The point basis of a is the vector / := (ai, . . . , a„) G N", where 
tti := ordo,. (a"'). Moreover, there is a one to one correspondence between 
points containing a and divisorial valuations of a given by (3 ^ v := oidp 
( [231 pp. 389-391]). Note also that the ideals m„ = pi 2 ■ ■ ■ 2 p„ = a 
corresponding to the points ai C ■ ■ ■ C are the simple w-ideals containing 
a ([231 pp. 392]). 

A point (3 is said to be proximate to a point a, if (3 ^ a and the valuation 
ring of orda contains (3, in which case we write (3 >~ a. The notion of prox- 
imity can be interpreted geometrically as follows. The sequence of quadratic 
transforms a = ai C ■ ■ ■ C a„ corresponds to a sequence of regular surfaces 

n : X = Xn+i ^ ■ ■ ■ X2 ^ Xi = Spec a, (2) 

where VTj : Xi^i Xi is the blow up of Xi at a closed point G Xi with 
^XiSi = every i = 1, . . . , n, and vr = 7r„ o • ■ ■ o tti. Set E[ = iT^^i'ii} C 

Afj+i. Write E* = (7r„o- • •o7rj+i)*£'- C X for the total transform of E'- and let 
denote the strict transform of E'^ on Af,-. Especially, set Ei := If 
j > i, then G -E^^ if and only if aj >- ai, which is occasionally abbreviated 
by the notation j >- i. 

Recall that is always proximate to and there is at most one point 
aj such that >- aj and j ^ i — 1. In the case such a point aj exists, 
is said to be a satellite to aj (or shorter i is satellite to j), and then also 

:^ for every j < v <i. In the opposite case a, (or just i) is said to be 
free. Note that 02 is always free. Also ai is regarded as a free point. 

The proximity relations between the base points a = ai C ■ • ■ C a„ of a 
simple complete ideal a of finite colength can be represented in the proximity 
matrix of a. Following [21 Definition-Lemma 1.5], it is 

{1, if»i = j; 
-1, if i y j; (3) 
0, otherwise. 

Note that this is the transpose of the proximity matrix Lipman gives in [T5| 
p. 6]. Let = {xij)nxn denote the inverse of the proximity matrix P, and 
write Xi for the i:th row of P~^. Observe that by e.g. [TSl Corollary 3.1] 
these rows correspond to the point basis vectors of the simple complete iria- 
primary w-ideals containing a, and that they are in the descending order, so 
that Xi represents m-a and X^ is the point basis of a. The next well known 
proposition shows that the proximity matrix of a simple complete ideal is 
totally determined by the point basis of the ideal. Because it will be crucial 
for our arguments in the sequel, we shall give a proof for the convenience of 
the reader. 
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Proposition 2.1. Let a be a simple complete ideal of finite colength in a 
two-dimensional regular local ring a, and let I = (ai, . . . , a„) be the point 
basis of a. For every index i < k < n, we have 

if and only if {u \ >- a^} = {i + 1, . . . , k} . Then necessarily 

and if k > i + l, then a^-i = exactly when k + l is free or k = n. Moreover, 

Proof. As noted above, the point basis vector of a is the bottom row of the 
inverse of the proximity matrix P = {pij)nxn of o. Since P~^P = 1, we have 

n 

auPu,! = Sn,i- (4) 

for every i = 1, . . . ,n. Suppose that i < n. If {u \ a„ >- a^} = {i + 1, . . . , k}, 
then pi+i^i = ■ ■■ = j = -1 and pj^i = for j ^ {i, . . . , k}, while p,,, = 1. It 
follows from Equation (jlj) that = Oj+i + ■ ■ ■ + a^. 

Conversely, if = a^+i + ■ ■ ■ + and k' := max{z/ | a^, >- ai}, then 
Pi, i = —1 if and only if z/ G {i + l, . . . k'}, but then by Equation (jl]) we obtain 

o-i+i + ■ ■ ■ + flfc = = aj+i + ■ ■ ■ + a^. 

This forces the equality k = k'. Especially, choosing i = n we recover the 
fact that a„ = 1, and choosing i = n — 1 yields a„_i = a„. 

Let i < j < k — 1. li a„ >- aj for some u > j + 1, then aj+2 >- «j- This 
is impossible, because <yj+2 is already proximate to Oj+i and Therefore 
Oj+i is the only point proximate to aj, which implies that aj = flj+i. Now 
the second assertion is clear. 

Suppose that k — 1 > i. We already observed that a„_i = a„, so we may 
assume k < n. If ak+i >- aj for some j < k, then also >- aj. Because 
ttfc is already proximate to both ak-i and ai, we must have j G {i,k — 1}. 
Since = max{z/ | a,^ :^ Oj} and ak+i >- aj, the only possibility is j = A; — 1. 
Then both a^ >- afc-i and a^+i >- ak-i, which implies ak-i > + flfc+i- 
Especially, a^-i > a^. On the other hand, as ak-i = + a^+i + ■ ■ ■ + a^' for 
some k' > k, we see that ak-i > implies Ofc+i >- «fc-i- n 

The lattice A := TjEi + ■ ■ ■ + of the exceptional divisors on X has two 
other convenient bases besides {Ei \ i = 1, . . . , n}, namely {E* | i = 1, . . . , n} 
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and {Ei \ i = 1, . . . ,n}, where the ^j:s are such that the intersection product 
with Ej is the negative Kronecker delta, i.e., 

Ei ■ Ej = —5ij 

for j = 1, . . . ,n. Write 

E := {E,, E^y, E* := (E*, . . . , E^)^ and E := {E^, Kf, (5) 

where T stands for the transpose. The proximity matrix P is the base change 
matrix between E and E*, more precisely E = P^E*. Furthermore, E*-E* = 
-5ij (cf. [2, p. 174]). Then 

{E, ■ EjUn = EE- = P-E\P-E*y = P-{E* ■ E*UnP = -P^P- (6) 

Assume that Ei = \iEi + - ■ ■+\nEn- Then Ei-Ej = —Xj, since Ei-Ej = —Sij. 
Therefore E = P^PE. This further implies that E = P'^E*. Let D e A and 
let d, d* and d denote the row vectors in Z" satisfying D = dE = d*E* = dE. 
Then 

d* = dP- and d = dP-P = d*P. (7) 
Note that the intersection product of D and F = f'E G A is 

D-F = dEE^r = -dp-pf = -d*{ry = -mi + ■■■+ d*j:). (s) 

Recall that a divisor D G A is antinef, if the intersection product Ei ■ D 
is non-positive for every i. According to Equation ([8]) this means that d = 
dP-P is non-negative at every entry, which can be abbreviated d = d*P > 0. 
This is to say that the row vector = (c?*, . . . ,6?*) satisfies the proximity 
inequalities 

dl>Y.d*r (9) 

By [ISl Theorem 2.1] the proximity inequalities guarantee that there exist 
a unique complete ideal of finite colength in a having the point basis 
B(9) = d*. Then Wx = Ox{-D) so that = T{X,Ox{-D)), as is 
complete. Thus we recover the following proposition (cf. [HI §18, p. 238- 
239]): 

Proposition 2.2. There is a one to one correspondence between the antinef 
divisors in A and the complete ideals of finite colength in a generating in- 
vertible Ox-sheaves, given by D ^ T{X,Ox{—P>))- 
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Remark 2.3. Let be a complete ideal of finite colength in a such that '^Ox 
is invertible, and let D = dE G A be the antinef divisor corresponding to t) 
so that 'OOx = Ox{~D). The vector V(c)) := d is called the valuation vector 
of 0. Observe that di = ordQ,.(0). Recall also that if pi, . . . , p„ are the simple 
u-ideals containing a, then piOx = Ox{—Ei) so that pi = T{X,Ox{—Ei). 
Because D = dE, we see that c) = p^f^ • ■ ■ p^". We say that F{d) := d is the 
factorization vector of D. 

For any divisor D e A, there exists by e.g. [161 Lemma 1.2] a minimal 
one among the antinef divisors D~ satisfying V > D, which is to say that 

— D is effective. This is called the antinef closure of D. According to 
pTl §18, p. 238] an antinef divisor is effective. We can construct D~ by the 
so called Laufer-algorithm described in [HI Proposition 1]: Set Di = D. For 
z > 1, let = D'" when Di is antinef. Otherwise there exsist Vi G {1, . . . , n} 
such that Di ■ E^. > 0. In this case set -Dj+i = Di + E^-. We have 

V{X, Ox{-D)) = TiX, Oxi-D-)) (10) 

for any divisor D E Ahj [TBI Lemma 1.2]. 

3 Arithmetic of the point basis 

In this section we want to concentrate on the structure of the point basis 
of a simple ideal. From now on, let a = ai C ■ ■ ■ C a„ be the quadratic 
sequence of the base points of a simple complete ideal a of finite colength in 
a two-dimensional regular local ring a, and let / ) denote the 

point basis of a. 

Definition 3.1. // is a satellite point and a^+i is not, then is a 
terminal satellite point. If ar is free and ttr+i is not, then we say Ur is a 
terminal free point, and if a„ is a free point but q;„_i is not, then is a 
leading free point. 

Remark 3.2. Note that a„ is either a terminal satellite or a terminal free 
point. The first point ai is considered as a leading free point, and if a-y 
is a satellite point, then 2 < 7 < n. We say that the quadratic sequence 
a = «! C ■ ■ ■ C «„ (or a) has a free point (a leading free point, a terminal 
free point, a satellite, a terminal satellite) at z, if ai is a free point (a leading 
free point, a terminal free point, a satellite, a terminal satellite, respectively). 
We may also say that i is free (a satellite, a terminal satellite, resp.), if there 
is no confusion. 
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Clearly, every free point except ai belongs to a sequence of free points 
preceded by either ai or a terminal satellite. Moreover, except ai, the leading 
free points are exactly the points immediately following a terminal satellite 
point. We use the following notation for terminal satellites and terminal free 
points. 

Notation 3.3. Let us write Ta, or just T if there is no confusion, for the set 

{71, . . . , ■jg} := {■y \ is a terminal satellite point of a}, 
where 71 < • ■ ■ < 7g. Write also 

r* := {7 e r I 7 < n} = {71,..., 7^.}. 

Moreover, let a^^ , ■ ■ ■ , c^rg denote the terminal free points of a anterior to a^^ , 
so that 

Ti < 7i < r2 < 72 < ■ ■ ■ < Tg < 7g. (11) 
Set 7o := 1 =: Tq and 7^+1 := n =: Tg+i, and then define 

f :=ru{7,+i}. 

Note that the number g* of elements in T* is either g — 1 or g depending 
on whether a„ is a satellite or not. Thus 7g*+i = n and F = F* U {n}. If 
necessary, we may write 7^ = 7° or Tj, = t° to specify the ideal in question. 

Example 3.4. If F* = 0, then the ideal is monomial, i.e., there exist a regular 
system of parameters for a such that a is monomial in these parameters. 

Proposition 3.5. The multiplicity at a non-terminal free point is equal to the 
multiplicity at the terminal satellite point preceding it or to the multiplicity 
at the first point, if there is no preceding satellite point. The multiplicity 
at the subsequent terminal free point is strictly less, or the terminal free 
point is the last point, in which case they both are equal to one. Moreover, 
the multiplicities at a terminal satellite point and at the point immediately 
preceding it are equal. 

Proof. It follows from Proposition 12.11 that > aj, if j > i. Moreover, 
ttj-i > ttj if and only if i + 1 is a satellite to z — 1. By Definition 13.11 we 
see that i + 1 is free for 7^_i < i < Ty. \i 1 < v < g, then + 1 must be 
a satellite to r,^ — 1 as Ty is free. Note also that 7,^ + 1 is not a satellite. 
Therefore 

for V = 1, . . . ,g . Furthermore, because jg is the last satellite, we must have 
and observed in Proposition 12.11 □ 
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For z/ = 1, . . . , (7 + 1, the sequence a^^_^, . . . , a-y,^ of multiplicities may be 
written as 

r^_i times r^_2 times times 

• • • 1 ^u,li ^u,2i ■ ■ ■ 1 ^v,2i • • • 1 ^y,myi ■ • ■ 1 ^y,mui (-^^) 

where s^^i > ■ ■ ■ > Sy^m^. Proposition 13.51 implies that rrii, > 1 and r^m^ > 1 
for 1 < z/ < (yf, while m^+i = 1 and r^+i i := 7c,+i — 7^ > 0. Since there are 
no terminal satellites between 7y_i and 7y, Proposition 12. II yields 

for 1 < j < m^, where we set s^^m^+i := a^^ ioi 1 < u < g + 1. Because of 
Proposition [331 the same holds also for j = 1, if we set Sy,o := (i'y^.i + - ■ ■ + clt„ 
for every u = 1, . . . , g + 1. When j = m^, Equation (fT3l) yields s^^m^ \ Si^^^^-i- 
This shows that we may obtain the sequence a^^,_i, . . . ,a^^ from a^^_-^ and 
a^^_-^ + ■ ■ ■ + a^-^ by the Euclidian division algorithm. 

Notation 3.6. Let z/ G {1, . . . ,g + l}. We write Pl{ci), or just (31 if the ideal 
is clear from the context, for the positive rational number 



We also set (31 := for u > g + 1. 

Proposition 3.7. The point basis of a is totally determined by the ratio- 
nal numbers (3[, . . . , Pg,_^_i. In particular, the numbers P[, . . . , P'g yield the 
multiplicities ai, . . . , a^^ . Moreover, for u E {1, . . . , g + 1} 



gcd{ai, . . . , a^J = gcd{a^^_,, a^J 



a. 



Proof. Using the Euclidian division algorithm described above we get 

gcd{a^^_,,arj = gcd{s,.j, s^j+i} = a^^ (14) 

for every < j < m^. Especially, a^,^ divides a^^_-^, and so a^^ divides for 
every i < 7^. Hence gcdjoi, . . . ,a^^} = a^^. This shows the last claim. 
To prove the first two claims, we observe that for every u = 1, . . . , g + 1 

nl _ ^vfi _ 
~ a ~ T, 

where and T)u are integers with gcd{Nj,,D,^} = 1. Suppose that we know 
the pair {(31, a^^). By Equation ( 1141) we have Su,o = a-^^N^ and s^^i = a^^_^ = 
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a^^Dj,. Then we obtain the multiphcities a^^.^, . . . , a^^ by the Euchdian di- 
vision algorithm. Recall that a^^ = a„ = 1 by Proposition 13.51 Starting from 
the pair (/?^._,_]^, a„), or (/5^,a^g), we then get all the multiplicities 

ai, . . . , a„, or ai, . . . , a^^, 

respectively. □ 

Remark 3.8. It follows from the Euclidian division algorithm (see Formula 
f|T2|) . Equation f|T3l) and Proposition 13.71) . that each [31 can be obtained from 
the integers Tj, i, . . . , Vy rn^ as a continued fraction 

I3'u = r,,i + ^ 



r.2 + ■■■ + 



,+1 



Note that these numbers are the Puiseux exponents Spivakovsky defines in 
pOl Definition 6.4]. 



We now want to investigate the relationship between the point bases of 
the ideals to that of the ideal a. Let P be the proximity matrix of a, and 
write Xi for the z:th row of (xjj)„xn = P~^- Recall that (xj^i, . . . , Xi^i) is the 
point basis of pi and that = /. 

We first observe the following. 

Proposition 3.9. Leti,j G {1, • • • jTi}, withi > j. Then pi has a satellite or 
a free point at j , if and only if a has a satellite or a free point at j , respectively. 
Moreover, this point is terminal for pi if and only if it is terminal for a or 
j = i. If i > j , then Xjj = Xij+i if and only if aj = a^+i or i = j + 1. 

Proof. The first two claims are obvious, since the base points of pi are ai D 
■ ■ ■ D Oj, which are base points of a. Suppose then that i > j. By Proposition 
12.11 we have Xij = Xij+i if and only if a^+i is the only point among the base 
points of pi proximate to aj. An equivalent condition to this is that either 
aj+2 is not proximate to aj or i = j + 1, in other words, either aj = a^+i or 
i = j + 1. □ 

As a corollary to Proposition 13.51 we now get 

Proposition 3.10. Let u ^ {0, . . . , g} . Then Xij = 1 for 7^ < j < « < t^+i. 

Proof. Consider the ideal pi. Because a has a satellite point at 7,^ < i and 
a free point at every j satisfying < j < i, Proposition 13.91 shows that 
it' — If '''u+i — ^- particular, pi has the last satellite point at 'j^ and 
= i- It follows from Proposition 13.51 that Xi^^^ = ■ ■ ■ = Xi^i = 1. □ 
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Note that the base points of the transform p^*^ are C ■ ■ ■ C and the 
transform of at ctm is the maximal ideal, i.e., is the simple complete 
ideal in corresponding to the point am- It follows that {xm,k, ■ ■ ■ ,Xm,m) 
is the point basis of p^*. Observe also that the sequence of multiplicities 
(ofc, . . . ,am.), where l</c<m<n, isa point basis of a complete ideal, 
though not necessarily simple, because this sequence satisfies the proximity 
inequalities ©. Indeed, we have 

tti- ^ > - ^ aj > Si^n > 

for every k < i < m. This motivates the following notation. 

Notation 3.11. For X = {xi, . . . ,Xn) G N" and fori, j G {l,...,n} we 

write 

Xl^'^l := (0,..., ,x„...,Xj, ,...,0) 

Moreover, we set 

Xlid) ,= and X^''^^ := X^'+^'^\ 

In addition to that, we write 

X<i .- X^^''iX<' := X^^''\X^' := X^*'"! and X>' := X^*'"!. 
For the truncated rows of P^^ we obtain the following result. 
Proposition 3.12. Let i, k E {1, . . . ,n} . 

Xi, if k > i; 

Xj^fcXfc, if k < j and k + 1 is free; 

Xi,kXk + Qi,kXhi if k < j and k + 1 is a satellite to h, 

where Qi^k ■= Xi^h - {xi,h+i H h Xi^k)- In particular, 

where v is such that i > 'ju- 

Proof. The case k > i being trivial, we may restrict ourselves to the case 
k < i. Proposition 13.91 now implies that we may replace a by pi, and so we 
may assume that i = n. Consider the factorization vector F := X^^P so 
that 

n 

X^' = FP-' = Y,F,X,. 
13 



Now Fj = for k < j < n, and if 1 < J < A;, then 

~ '^j ~ ^i^- 

Because aj = '^^■^j clu + Sj,n by Proposition 12.11 we see that Fj > 0, if and 
only if /c + 1 >- j or j = A; = n. Clearly, Fk = ak- 

It now follows that if A; + 1 is free or k = n, then Fj = for every j ^ k, 
implying = akXk- Assume then that fc + l is a satellite to some (unique) 
h < k. Now Fh = tth — {dh+i + ■ ■ ■ + ctfc), while Fj = for every j ^ {h, k}. 
Then 

= flfc-^fc + (o/i — • • • — ttk) Xh, 

as wanted. □ 

For certain computations, it is convenient to introduce the following no- 
tation. 

Notation 3.13. Let = {xij)nxn be the inverse of the proximity matrix 
of a. For any u E {0, . . . ,g} and 7iy < « < Ti, write 

In the case i < we set pi^^^ = 0. 

Remark 3.14. Observe that (31 = 1 + Pn,-y^-i/(^'y^-i ior u = 1, . . . , g + 1. 

Corollary 3.15. Let 7 G {70, . . . , 73+1}, and take an element Xij of P^^ 
with j < '~f < i. Then Xij = Xi^^x^j. It follows that 

a^^ = cty„+iXy^^-^^-y^ and a^^ = 3^7^+1,7^ ■ ■ ■ 2^73+1,73 

for u = 0, . . . , g. Moreover, if 'ju+i < i, then we have pi^^^ = Xi^^^^^^pu- 

Proof. For the first claim we observe that either 7 + 1 is free or 7 = n. 
The latter case is trivial, while the former implies by Proposition 13.121 that 
Xf'^ = Xi^^X^. Especially, this gives Xij = Xi^^x-yj. Thus the first claim 
holds. Choosing j = 'ju, 1 = lu+i and i = n we see that a^^ = x^^^-^^^^a^y^^-^^, 
and then the second equality follows by induction. As r,^+i < •y^+i we see 
that Xij = Xi^^^+ix^^+ij for every j = 7^, + 1, . . . , r^^+i and i > j^+i, which 
proves the last claim. □ 

Proposition 3.16. Let pi be the simple complete v-ideal corresponding to 
the row Xi and let p be the integer satisfying '^fj, < i < 7|j+i unless i = 1, in 
which case we set p := 0. For every u E {0, . . . , p + 1} , we have 

pf* p» = Pi, 7^- 
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Proof. Suppose first that < u < fi. Then ^y^ < i. It follows from Proposi- 
tion EH] that 7P' = 7i,. Moreover, r^^^ = min{z, rj,+i}. As Xij = for j > i 
we then get 

If u = fi, then 7j, < z, but it may happen that t^, > i. If this is the case, then 
a has a free point at i. By Proposition 13.91 this means that t^!^_i = i, and 
since Xij = for j > i, we observe that Equation ffT^ holds. If = + 1, 
then 7y > 7^' = i and by definition p''' p- = pi^^^ =0. □ 

Corollary 3.17. if '~fi, < i, then doesn't depend on i. 

Proof. Assuming '-f^ < i we get by using Corollary 13.151 

Pj,7i/-i Xi^^^pi,-i <X^^pp-i Pn,-y^-i 

Since 7j,_i < it follows from Proposition 13 . 161 that p^' p- = Pi^-^^_^. Because 
(3l{pi) = 1 + p^' l^iav-i and = 1 + Pn,7^_i/a7^_i, we then observe that 
/?^(pj) = Thus we get the claim. □ 



4 The Dual graph 

Let a be a simple complete ideal of finite colength in a two-dimensional 
regular local ring a. Consider the resolution ([2]) of a. The configuration of 
the exceptional divisors on A" arising from ^ can be represented 

by a weighted graph (see, e.g., [IHl p. Ill, 5. pp. 124 - 129 ]). This graph 
is called the dual graph of a. Its vertices are ei, . . . , e„, where corresponds 
to Ei for every i. The "weight of a vertex is := —Ei ■ Ei. Two vertices 
are adjacent., if they are joined by an edge. This takes place, if and only if 
the intersection of the corresponding divisors on X is nonempty. A vertex is 
called an end, if it is adjacent to at most one vertex. If it has more than two 
adjacent vertices, it is said to be a star. 

Proposition 4.1. Let and ej be vertices with i < j in the dual graph of a. 
They are adjacent, if and only if j = max{i/ \ u y i}. In particular, if this is 
the case, then j is uniquely determined. 

Proof. Vertices and ej are adjacent, if and only if Ei ■ Ej 7^ 0. By Equation 
and by the definition of the proximity matrix we have 

-Ei ■ Ej = ^Pu,iPu,j, 

u=j 
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where /i := max{z/ \ u y i}. Clearly, j > fJ. implies Ei ■ Ej = 0. If j < fi, then 
-Ei ■ Ej = pj+2,iPj+2,j H h Pfi,iP,i,j- 

Observe that this is nonzero, if and only if pj+2,iPj+2,j 7^ 0, but this is impos- 
sibile, because then j + 2 would be proximate to i,j and j + 1. Then we see 
that Ei ■ Ej ^ with i < j if and only if j = fi, in which case Ei ■ Ej = 1. □ 

Remark 4.2. Observe that Wi = —Ei ■ Ei = 1 + fi — i, where we write 
fi := max{z/ \ u >~ i} so that fi — i is the number of points proximate to i. 
Thus vertices and ej with i < j are adjacent, if and only if 

j = i + Wi ~ 1. 

Furthermore, if i ^ j, then Ei ■ Ej = Thereby we observe that 

the matrix P^P, which represents the dual graph of a by Equation ([6]), is 
totally determined by the sequence of the weights {wi, . . . , Wn)- Moreover, 
we obtain the proximity matrix P = {pij)nxn from the Wi'.s, since pij = — 1, 
if and only if i < j < i + Wi. Thus the sequence {wi . . . , w„) gives equivalent 
data to the point basis of a. 

Proposition 4.3. The stars of the dual graph of a are precisely the vertices 
e-y such that 7 < n and a has a terminal satellite at 7. The ends of the dual 
graph are exactly the vertices such that r = 1 or a has a terminal free 
point at T. 

Proof. Suppose that 7 < n is a terminal satellite. By Proposition 14.11 we 
know that is adjacent to for fi = max{z \ i y •y}. Because 7 is a 
terminal satellite, we get for some < 7 — 1 

7 = max{i I i 7 — 1} = max{i \ i >~ u}. 

By using Proposition again, we see that and are adjacent to 

e^. Thus is a star. 

Conversely, suppose that is a star. Then there are three vertices ad- 
jacent to e^, say e^, ej and e^. Noting that a point cannot be proximate to 
three different points, it follows from Proposition 14.11 that exactly one of the 
indices is greater that 7. Therefore we may suppose that j < A; < 7 < i. In 
particular, 7 < n. If satellite to some m, then also 'y y m, which 

implies that m G {j, k}. On the other hand, as ej and are adjacent to 
we see by Proposition 14.11 that 7 + 1 is proximate to neither j nor k, which 
is a contradiction. Therefore 7 + 1 is free, and so 7 is a terminal satellite. 

Suppose that a has a terminal free point at r > 1. Suppose also that ei is 
adjacent to e,-. If i < r, then t y i hj Proposition 14.11 and because r is not 
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a satellite to any z < r — 1, it follows that i = t — 1, but since is adjacent 
to e^, Proposition 14.11 implies that r + 1 )/- r — 1. On the other hand, we 
know that r + 1 is not free as r is terminal. This means that t = n, and e,— i 
is the only vertex adjacent to e,-, i.e., r is an end. Furthermore, we see that 
T < n implies i > r, but then i is uniquely determined by Proposition 14. 1[ 
Hence is an end. For the same reason ei is an end. 

Let us then prove the converse. As we just saw, ei is always an end. 
Proposition 14. II yields that ej adjacent to e„ whenever n >- j. Thus e„ is an 
end, if and only if n is free. Suppose then that is an end with 1 < i < n. 
Then Proposition 14. II implies that the only vertex adjacent to is e^, where 
H := max{i/ \ u y i} is greater than i. Moreover, Hi >~ j for some j < i, then 
i + 1 y j, too. Especially, this shows that i + 1 y i — 1, and since i + 1 y i, 
it follows that i )/- j for any j < i — 1. Therefore i is free, while z + 1 is a 
satellite. So, if in an end for some i G {1, . . . ,n}, then i = 1 or a has a 
terminal free point at i. □ 

Remark 4.4. By Proposition 14.31 we observe that the vertex is a star 
exactly, when i G P*, and g* is the number of the star vertices of the dual 
graph. 

We will now recall how the dual graph can be constructed from the point 
basis (ai, . . . , a„) of a. Let {70, . . . , 7g+i} be as given in Notation l3.3l Let also 
the integers Su,^, r^^^ and rriu be as in Formula (fT2ll . where v = 1, . . . , (7 + 1 
and /i = 1, . . . , rriy. Set 

i=i j=i j=i 

for u = 1, . . . , g + 1 and /z = 0, . . . , m,y. It follows that for /x > 

^u,fi ^u,^—i ~l~ ^u,ii: and i^u,)! ^u—i,m,y-i ~l~ ^ ^ ^i^j 

i=i 

when u > 1. Moreover, for every z/ = l,...,(7 + lwe have 

Ku,0 = lv-\ - 1 and Ky^rn^ =7^-1. 

Note that = S;,,^ for < i < /t,,,^, and a^^^^^ = a^^. 

Lemma 4.5. Lei ei, . . . , e„ 6e the vertices of the dual graph of a. Assume 
that Ku,fi~i < i < Ky,^ ori = K^^m^ for v G {l,...,(y' + l} and /i G {1, . . . , rriy). 
If j > i, then ej is adjacent to ei, if and only if j = i + 1. Moreover, e^^^ is 
adjacent to €^^^+1+1 for fi e {1, . . . ,mu - 1} 
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Proof. If K^^^-^i < i < K^^^ or i = Ky^rn^, then we have = Oj+i. It follows 
from Proposition 12.11 that j >~ i ii and only if j = z + 1, which is to say that 
i has no satellites. By Proposition 14.11 this takes place exactly when is 
adjacent ei+i. 

Assume that /i G {1, . . . , rriy — 1}. An application of Equation ( fT3l) then 
shows that and i = Kj,^^. As we observed above, a^^^ = ■ ■+'^k^,^+i+i- 

So Ku,fj.+i + 1 = max{j I j >- Hu,iJ.} by Proposition 12. H and the claim follows 
from Proposition 14.11 □ 

Using Lemma 14.51 together with Proposition 14.31 and Remark 14.21 we are 
able to construct the dual graph of a from the point basis. The figure below 
describes a fragment of the dual graph of a. It illustrates the organization of 
the vertices e-y^_j, . . . , e^^ and the corresponding multiplicities a^^_^, . . . , a^^ 
in the point basis of a. 



r^_i vertices e^, 
with ai =Ci-^^_-^ 



= K^,o + l 



rv,2j+i vertices e;, 
Ki^,2j <i<l^v,2j+l, 
with = s^_2i+i 



if Ki, 



-1 <i<K^ - 



^}^,2j vertices e^, 
with ai = s^^2j 



^u,2 vertices e^, 



Observe that the vertices ej for K^^m^-i < i < K,u,m„ with the multiplicity 
ttj = a^^ lie at the horizontal or vertical branch, depending on whether rrii, 
is odd or even, respectively. Note also that for u = 1, . . . , g the vertex e^^ 
belongs to the next segment of the dual graph. 

Example 4.6. Let a be a simple complete ideal in a two-dimensional regular 
local ring a having the resolution ([2]). and let n = 8 in this resolution. 
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Suppose that i y j for i, j E {1, . . . ,8} with i > j, if and only if i = j + 1 or 
(i, j) e {(3, 1), (6, 4), (7, 4)}. The proximity matrix of a is then 



1 

-1 



1 

-1 



1 

-1 



and the inverse of P is 

1 • 

1 1 • • 

2 11- 

2 111 

2 111 

4 2 2 2 

6 3 3 3 

6 3 3 3 



P-1 = 



Thus the point basis of a is / = (ai, . . . , ag) = (6, 3, 3, 3, 1, 1, 1, 1). The 
graph of o is presented in the matrix 



dual 



3 ■ -1 
2 -1 
-1 -1 2 
-1 



-1 
4 



We may draw the dual graph as follows: 



(fl) (^3) (64) 

3 — 2 — 4 



2 
-1 



(67) 

2 



-1 

2 

-1 



-1 

-1 
2 
-1 



(68) 
— 1 



(62) 

2 



(66) 

2 



(65) 

2 
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The stars of the dual graph are and 67, while the ends are ei,e2,e5 and 
eg. Thus ^? = 2, r = {3, 7} and {tq, . . . , rg} = {1, 2, 5, 8}. Now l3[ = 9/6, 
P2 = 7/3 and P'^ = 2. On the other hand, starting from . . . , Pg^i) = 
(3/2, 7/3, 2) we get first (a^g, a^^, a^^) = (6, 3, 1) and then {a^^jS'i, . . . , a^a/^s) = 
(9, 7, 2). By using the Euclidian algorithm as above we get (oi, . . . , a^J = 
(6,3,3), (a^j, . . . , a^J = (3,3,1,1,1) and {a^^, . . . ,an) = (1,1), and so we 
may reconstruct the point basis, which yields the proximity matrix by Propo- 
sition 12.11 Note that the dual graph can be obtained directly from the point 
basis by the following manner: From every entry ai, . . . , a„_i in the point 
basis, draw an arc extending to such that = aj+i + ■ ■ ■ + Ofc, i.e., 

(3) (2) (4) (2) 



6 3^ ^3 3 1^ ^1^ 1 1 

(2) (2) (2) 

The entries and the arcs correspond the vertices and the edges of the dual 
graph. Moreover, the lengt k — i + 1 of the arc starting from a^, indicated in 
parenthesis, is exactly the weight Wi, while m„ = 1. 

5 On certain intersection products 

Let a be a simple complete ideal of finite colength in a regular local ring a 
with the base points a = ai C ■ ■ ■ C q;„. Let Xj denote the i:th row of the 
inverse {xij)nxn '■= of the proximity matrix. For any rows Xi and Xj of 
= {xij)nxn, write Xi ■ Xj for the dot product, i.e., 

Xi ' Xj . Xi lXj^l ~t~ ■ ■ ■ "1" Xi^JlXj^'fly 

and for any z/ G {0, . . . , g}, write 

VI ■— vi^'"'r<-'+i-] x^(7i' .71^+1] 
[Aj ■ Jij]^ .— Aj ■ Jij , 

so that 

Xi ■ Xj = Xi^iXj^i + [Xi ■ Xj]o + ■ ■ ■ + [Xi ■ Xj]g. 

Assume that the integers attached to the ideal a are as in Equation ( |T6l) . 
Then define 

U := {i \ Ku,fi-i < i ^ i^v,n for any p and ji ^ 2N, oi i = n}. (17) 
Remark 5.1. Note that since 7^ = Ki.+i,o + 1 for G {0, . . . , 5^ + 1}, we have 

7^ G f/ for z/ G {0, . . . ,5( + 1}. 
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Obviously, this gives Tct^+i G f/. If z/ G {1, . . . ,g}, then t,^ = n^^i + 1 by 
Proposition I3.5[ which imphes that 

Tu^U hr u e {1,...,^}. 

Proposition 5.2. Let 1 < i < j < n and let u E {0, . . . ,g}. Then 

zft G U; 

[Aj ■ — min|Xj^^^Pj,-^^^,, Xj^^^Pj.^^ j — ^. p. if i ^ U 

Moreover, if -fu+i < then [Xi ■ Xj]^ = Xi^^^pj^^^ = Xj-^^p,,^^. 

Proof. Let us show that it is enough to consider the case < i < j < 
•ju+i- Indeed, suppose first that i < •ju- Then Xi^k = for 7,^ < A; < n. 
Subsequently, Xi^^^ = = Pi,^^, and 

\Y Y ] — T^(7i^>7i'+i] T^(7i'.7'^+i] _r|_™ „ _™ „ 
[^t ^jiu u •^«,7i' "ii7i' •^ii7i' "«,7i' • 

So the claim is clear in this case, and we may assume 'y^ < i. 
If 1u+i < j, then we obtain by using Proposition 13. 121 

[Xi ■ Xj\y = [Xi ■ Xf^''+\ = Xj-^^^jXj ■ X^_^^^]y. 

It follows from Corollary 13.151 that 

and so we are reduced to the case j = 'ju+i- Similarily, if 7,^+1 < i (so that 
7u+i <j), then 

[Xi ■ Xj]^ = [X- ■ X- = Xi^^^^^Xj^^^^^[X^^^_^y. 

and 

•^jtli-Phli^ ~ •^«,7i'+i'^ii7i'+i (•^7i'+i>7i^P7i^+l>7i^) 

■^iai^Phlv ~ •^i,li^+l-^j,li^+li-^li^+l,'yiyP'yiy+l,'yiy)- 

Then we are reduced to the case i = j = iv+i- 

Let (ai, . . . , On) denote the point basis of a and let 7^ < z < j < 7v+i- 
It follows from Proposition 13.91 that if A; < m, then a^^i > exactly when 
Xu,k-i > Xu,k- We may rewrite the sequence Xu,-y^, ■ ■ ■ ,Xu,i of multiplicities 
for any m > i as 



ri times r2 times times 

I, . . . , bi, b2, ■ ■ ■ , ■ ■ ■ , b^, . . . , b^, ■'A+l' • • • ' ''A+l' 
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where > ■ ■ ■ > > s^_^_^ and > s^^^ whenever u > i. Note that the 
equahty s\ = s\^-^ can take place if and only if r' = 1. As in Equation (fT^ . 
we get for any 1 < /U < A 

where 



Because 7^ < < m, Proposition 13.91 yields r^"^ = min{-u, Ti^+i} so that 

It follows from Proposition 12.11 that for A > and u > i 

s\ = r's\^,, wMesl>r'sl^, (20) 

This holds true also in the case A = 0. Indeed, if A = 0, then this is a direct 
consequence of the definition of Sq. 

Grouping the terms in [Xj ■ Xj]^ by using Equation (|TS|) gives now 



T (21) 



Assume that i G f/ in which case A is even. Using Equation ( fT9l) yields 

A 

J^'^/^^M^M = (4 -4)^1 + 4(^1 -4) + ■■■ 
^=1 ... 

+ (4-2 - 4)4-1 + 4(4-1 - 4+i) 



and 



A 



X]'"/^^^ = (4-4)4 + 4(4-4) + 

M=l 



+ (4-2 4)4-1 + 4(4-1 4+i) 



^0^1 ■'A-'A+l- 
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By Equation fl^Tj) we then obtain 

[Xi ■ Xj\y = Sqs{ — + r' s\_^_yS-'^^^ — s\s{ 

Furthermore, by Equation (l20l) 



'^'■^A+l'^A+l ~ -^A-^A+l ~ ^^"^ '^'■^A+l'^A+l " -^A+l-^A — 0' 

Therefore 

[X, ■ X,], = {si - s\)s\ < {si - s\)s\. (22) 
Similarily, if i ^ U, then A is odd and 



A 



4(s{ - si) 



' ''A-ll''A-2 " ^XJ l-'A-l ~ ''A+1/'''A 



+ sLi {sin - si) + {s{_, - si , 1 )sl 



q'I q3 q3 

■^0-^1 ■'A+l'^A- 



and 



A 



XI = (^0 -4)4 + 4(4-4) + ■•• 



+ 4-1 (-^1-2 ■^a) + (4-1 4+l)'^A 



7 ?■ 7 J 

Q** ^ 

■'O'^l ■'A+l-'A- 



As above by using Equations (!20l) and (I2T1) this yields that 

[X,.X,], = {si-s{)s\<s\{^,-s{). 

Because (sq, s^) = {xu^^y^ + Pu,'y^,Xu,'r^) for u = this together with Equa- 
tion fl22|) gives the claim. □ 

Corollary 5.3. Assume 1 < i < j < n. Set rj := 7^, and 7 := 'ju+i, where v 
is such that rj < i < whenever i > 1, and u = if i = 1. With the notation 
above, 

Xj ■ Xj Xi^^Xj^jjX^ -\- [X^ ■ Xj^i,. 
Especially, if i = 'j < j , then 

X-y • Xj Xy^-q{Xj^n-^'rj ~l~ Pj,ri) j^'H^'^I^V'^r} + Pt')" 
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Proof. Obviously, ■ Xj = X^ ■ Xf^ + Xj ■ X'^^ . Because ? < 7, we get 
Xi ■ Xp = [Xi ■ Xj]^, and by Proposition EH 

Y v<V _ v<V v<V _ ™ ™ y"^ 
y\.i y\.j yv^ y\.j j^i^^j^jy^yv^. 

Thus the first claim is clear, and the second claim follows from Proposition 
O □ 

Corollary 5.4. Suppose that rj := '-/^ < j < k < '-fu+i ='■ 7 for some 
ue{0,...,g}. Set 

ai{j, k) := — and a^ij, k) := . 

For any i G {1, . . . , n} the following equalities hold: 
i) If i < j , then 

Xi ■ Xj _ j cTi{j, k) ifieUori<ri; 
Xi ■ Xk 1 o"2(j, k) if i ^ U and i > rj. 

ii) If i < i, then 



Xi ■ Xj 
Xi ■ Xh 



(Ti(j, k) if j ^ U, and k > i E U or i > k ^ U 

(72 (j, i)ai{i, k) if j G U, and k > i E U or i > k ^ U 

(Ti(j, i)<72{i, k) if j ^ U, and k>i^Uori>kEU 

(72 (j, k) if j G U, and k > i ^ U or i > k E U. 



Hi) If k' + 1 > k is free, then Xi ■ Xj/ Xi ■ Xk is constant for i > k' 
iv) For every 1 < i < n 

Xi ■ Xj t ■ 1 \ — ' 



(^3-v{j, k) > — — — > a^{j, k) 



where v = \ for j and v = 2 for j G U . 

Proof. Before embarking the proof we first make two observations. Assume 
that i < rj. As r] < j < k we then get by using Proposition 13.121 that 



Xi ■ Xj ^ Xi ■ Xj ^ ^ Xj^r)Xi ■ X, 



Xi • Xk Xi ■ X, ^ Xk^TjXi ■ Xfj Xk^; 



aiij,k). (23) 



^k 
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Suppose then that i>i]. By using Corollary 15.31 we get 

(24) 



Xi • Xj Xi^rjXj^riX^ + [Xi ■ Xj] 



■ Xk 

(i) Proposition 15.21 implies that if J > G f/, then [Xi ■ Xj]^ = Xj^riPi,r) and 
[Xi ■ Xk]u = Xk,r]Pi,ri, Furthermore, if j > i ^ U, then [Xi ■ Xj\y = Xi^r]Pj,ri and 
[Xi ■ Xk\i, = Xi^riPk,ri- This together with Equations ([23]) and fl^ proves (i). 

(ii) We have i > rj, and again, we make use of Equation ([21]). Now i > j, 
and thus by Proposition 15. 21 [X,- - Xj],, is either Xj^r,pi,r, or Xi^r,Pj,rn depending on 
whether j ^ U oi j E U. Proposition 15.21 shows also that [Xi ■ Xk]u = Xk,nPi,ri 
when k > i E U or i > k ^ U, and [Xj ■ Xk]u = Xi^riPk,'^ when k > i ^ U ot 
i > k E U. Putting all this together we obtain (ii). 

(iii) U k' + 1 > k and fc' + 1 is free, then we get by Proposition 13.121 for 
every i > k' 

Xi ■ Xj _ Xj ■ Xj- ^ xf^ ■ Xj _ Xi^k'Xy ■ Xj _ Xfc/ ■ Xj 



Xi-Xk X-X,^'^' Xp'-Xk x,k'Xk>-Xk Xk'-Xk 



(iv). We may assume j < k, since the case j = is trivial. Choosing 
i = k in Equation we see that 



Xk • Xj Xj^ffXk,riX'^ + [Xfc ■ X 



■^k •^k,ri-^k,r)-X'^ ~l~ •^k^riPk,ri 

where [Xk ■ Xj]^, = min{xk,-qPj,ri,Xj^rjPk,-n} by Proposition 15.21 Thereby 



X ■ X 

V2 ^ = ^) ^ ^s-vU, k), (25) 
^k 

where v = 1 if j ^ U and v = 2 if j E U. Clearly, the claim holds, if i is such 
that 

X ■ X 

J J e {ai(j,A;),a2(j,/c)}, 

■ ^k 

Let us check the remaining cases. Suppose first that i > j E U, and k > i E U 
or i > k ^ U. By Proposition 15.21 we know that [Xj ■ Xj],^ = Xi^r]Pj,ri < Xj^riPi,-q 
and [Xj ■ Xk]y = Xk,r,pi,,^ < Xi^r,Pk,rj- Then 



•^i,r]-^k,'q-Xri ~^ •^i,r]Pk,r^ -^ijri-^k^ri-Xri ~^ •^k,riPi,r] •^i,ri-^k,r]-Xri ~^ •^k,rjPi,ri 

in other words, 

cr2(j, A;)a-i(i,z) < o-2(j,z)o-i(z. A;) < o-2(i, z)o-i(j, fc)- 
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Note that o"„(i, i) = 1 for t; e {1, 2} and Xj ■ Xj/ ■ X^ = o'2{j, i)o'i{i, k) by 
(ii). This together with Equation fl2^ gives the claim. 

Suppose next that i > j ^ U, and k>i^U or i>k&U. According 
to Proposition 15.21 we have [Xi ■ Xj]^ = Xj^r,Pi,r, < ^i,vPj,v [-^i " Xk]u = 
Xi,^Pk,ri < Xk,nPi,'n- This gives 

•^i,V'^j>V'Xr) ~^ "^j^vPhV ^ '^hV'^j^V'Xri ~^ •^j,r]Pi,r] ^ i j tV^- -q ~l~ •^i,r)Pj,r] 
Xi^r]Xk,r]-X^ -\- Xk^rjPi,'q Xi^j^X^^^jX^ -\- Xi^riPk,ri Xi^^Xk^rj-X^^ -\- Xi^r)Pk,ri 

which says 

Again, (ii) shows that Xj ■ Xj/Xi ■ X^ = cri(j, i)o'2{i, k), which together with 
Equation fl2^ gives the claim. Thus the proof is complete. □ 



Proposition 5.5. Let ^ Z = riXi H hr„X„, where ri, . . . , r„ G N. VFe 

then have for any j < k. 

Z ■ Xj ^ Xj ■ Xk 
Z ■ Xk x| 

Proof. Assume first that Z = Xj is a row of P~^. If i > k, then 

Z-Xj _ X^'' ■ Xj 
Z-Xk~ Xf'-Xk 

Proposition 13. 121 yields Xf^ = Xi^k^k + qX^, where q = Xi^h — {xi,h+i + ■ — I- 
Xi^k) in the case A; + 1 is a satellite to h and otherwise g = 0. Let us recall 
the following elementary fact: If a, b, c,d,e, f E N such that bdf 7^ 0, then 

a e c e a + c e . 

where ~ is one of the relations =, < or >. Applying this gives 

Xh ■ Xj ^ Xk ■ Xj Z ■ Xj _ Xj^fcXfc ■ Xj + gXh ■ Xj ^ Xk ■ Xj 
Xh ■ Xk X| Z ■ Xk ^i,kXl + gXh ■ Xk X| 

This shows that it is enough to consider the case i < k. Moreover, we may 
suppose i < j, because 

Xj ■ Xj ^ Xk ■ Xj ^ ^ Xj ■ Xj ^ Xj ■ Xk 



Xj ■ Xk X| Xk ■ Xj x| 
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and so, if j < i < k, then we may simply switch the roles of Xi and Xj. 

By the above, we may restrict ourselves to the case i < j < k. Let 
u E {0, . . . , g} he such that "^v < j < lu+i and write 7 := 7i/+i. If < 7, 
then the claim is clear by Corollary 15.41 (iv). Especially, 

Xi • Xa X.^ • Xa , _. 

— ^ > ^. (27) 

Xi ■ X^ x^ 

If /c > 7, then according to Proposition 13.121 we have 

Xi ■ Xk = Xi ■ Xfr'^ = Xk^^Xi ■ X^ and ■ Xj = X^'^ ■ Xj = x^^jX^ ■ Xj. 

By Proposition 13.121 we know that 

Then we get by using these and Equation (I27p 

Z • Xj Xi • Xj ^ Xj • Xj xii^^jXj • Xj ^ X); • Xj 



Z ■ Xk Xk,-yXi ■ Xj Xk,yX^ x^^^X^ X| 

Thereby the claim holds for any row Z of P^^. 

Suppose then that Z = riXi + - ■ ■+rnXn for some (ri, . . . , r„) G N^x {0}. 
By the above 

Xi ■ Xj ^ Xk ■ Xj 
Xi ■ Xk x^ 
for every i = 1, . . . , n. Applying Equation (126!) we obtain 

Z ■ Xj ^ Xj. ■ Xj 
Z ■ Xk x| 

as desired. □ 

Remark 5.6. Note that by Equation ([H]) we have Xi ■ Xj = —Ei ■ Ej. More- 
over, by setting Vi := orda- we may write 



Ei = Y,MPi)Ek = y{pi)E, 



k=l 



where pi is the simple complete ideal in a containing a and having the point 
basis Xi (cf. Remark 12.31) . Because E^. ■ Ej = —S^j, we obtain 

Xi ■ Xj = -Ei ■ Ej = Vj{pi) = Vi{pj), 
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where the last equahty (known as reciprocity, see [TTl p. 247, Proposition 
21.4]) is now obvious. Therefore Proposition 15.51 says especially for any j < i 
and for any k that 

MPj) y ViiPj) 



VkiPi) Vi{pi)' 

In the sequel we write for any vector X = (xi, . . . , a:„) 

SX :=xi + --- + x„. (28) 

Remark 5.7. Observe that if Xj is a row of the inverse of the proximity 

matrix of a, then SX^ = -K ■ Ei = -K ■ XiE*, where K = ^ \- K 

the canonical divisor (see page 1291) . 

Proposition 5.8. Let Xj be a row of the inverse of the proximity matrix of 
a. Let /i be such that ■jf^ < i < ■y^i+i unless i = 1 in which case we set fi := 0. 
Then 

SX^ ' -\- \ — Xi^^i, — Pi^f^. + ■ ■ ■ + Pi,7^ • 

for every k = 0, . . . , fi 



Proof. Clearly, 



A>7fc _ ^j^(7fc>7fc+i] _j_ . . . _|_ ^J^(7si79+i] 



If /X < i^, then i < 7^, and we see that sxf^""^"'+'' = 0. Thus 
We observe that the claim holds if 



sx 



Xi,y. + pi,j. - 1 for Z/ = /i. 



It follows from Proposition [332] that SX.^^'"^''+'^ = EX^^f , while 

Corollary EUS yields x^,^^ + p^,^^ - Xj^^^+j = Xi,^^^,(x^^+i,^„ + p,, - 1). Subse- 
quently, it is enough to verify that 

y a^(7m.7a.+i] _ I _ -1 

for every i (and then especially in the case i = 7^+1). 

Consider the transform b := pj^''. Recall that the point basis of b cor- 
responds to x]'''"*'. Moreover, it follows from Proposition 13.91 that there are 
no terminal satellites between 7^ and i < 7/^+1, and therefore f t, = {i}. By 
Proposition 13. 16l we may reduce to the situation i = n and T = {n}. 
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As in Formula ffT^ . the sequence of the multiphcities ai, . . . ,a„ is rep- 
resented by some positive integers m = mi, Vj = rij and Sj = Sij for 
1 < j < m, where ai = si > ■ ■ ■ > Sm = dn- By Equation ( fT3l) we have 
TjSj = Sj-i — Sj+i for every j = 1, . . . , m. Therefore 

ai H h fln = nSi H h TmSm + Sm = Sq + Si - Sm - Sm+1 + Sm, 

where Sq = Oi + ■ ■ ■ + a^-j and Sm+i = = 1- Then 

0-2 + ' ' ' + 0,n = So — Sm = 0,1 + Pn,jo ~ ^■ 

□ 

6 Multiplier ideals and jumping numbers 

Let a be an ideal in a two-dimensional regular local ring a. Let X Spec(a;) 
be a log-resolution of a, i.e., a projective birational morphism vr : A" — > 
Spec(a) such that X regular and aOx = Ox{—D) for an effective Cartier 
divisor D on X with the property that D + Exc(7r) has simple normal crossing 
support. Here Exc(7r) denotes the sum of the exceptional divisors of tt. Note 
that ([2]) is always a log-resolution. Recall that the relative canonical sheaf 
ujx can be defined as the dual of the relative Jacobian sheaf Jx (cf. |uL2j, p. 
203, (2.3)]). The canonical divisor K := Kx of X is the unique exceptional 
divisor on X for which Ox{K) = ujx- 

Definition 6.1. For a non-negative rational number c, the multiplier ideal 
J{o,^) is defined to he the ideal 

J{a') ■.= T{X,Ox {K-[cD\))(la, 

where D ^ A is the effective divisor satisfying aOx = Ox{—D) and \_cD\ 
denotes the integer part ofcD. 

Lemma 6.2. Let a be a simple complete ideal of finite colength in a two- 
dimensional regular local ring a. Then the base points of the multiplier ideal 
J^{cf) are among the base points of a for every non-negative rational exponent 
c. 

Proof. Let X Spec(Q;) be the resolution of a as in ([21), and let D be the 
antinef divisor satisfying a = T{X, Ox{—D))- Then, by ffTUl) 

Jia'^) = TiX,Oxi-i[cD\ - K))) = TiX,Oxi-i[cD\ - Kr)). 

Since the antinef closure is antinef, we observe by Proposition 12.21 that J^{ci'^) 
generates an invertible O^'-ideal. □ 
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Definition 6.3. Let a be an ideal in a two-dimensional regular local ring 
a. By 16, Lemma 1.3] there is an increasing discrete sequence = .^o < 
^1 < ^2 < ■ • • of rational numbers C,i characterized by the properties that 
Jia") = J{a^^) fore e while J{a^^+^) C J{a^-) for every i. The 

numbers C,2, ■ ■ ■ , o^^e called the jumping numbers of a. We set 

7^,= feM = l,2,...}. 

Remark 6.4. For practical reasons we don't consider as a jumping number 
in contrary to (OJ Definition 1.4]. Clearly, this is no restriction. Note that if 
a = a, then J7'(a'^) = a for every c, which means that the set of the jumping 
numbers is empty. 

Definition 6.5. Let a, b be ideals of finite colength in a two-dimensional 
regular local ring a. We define the log-canonical threshold of a with respect 
to b to be 

c, = cl := inf{c G Q>o | J(a^) ^ b}. 
Note that if b = a, then Cf, is the usual log-canonical threshold. 

Remark 6.6. By ^ Theorem 11.1.1] J^(a^) = aj{a^~^), when c > 2. If o 
is proper, then we may find c 3> such that J7'(a'^) ^ b/j, and so 

{c e Q>o I :r(a^) ^ b} ^ 0. 

It follows from Definition 16.31 that C[, = G Q for some 2 = 1,2..., provided 
that a is proper. If a = a, then the above set is empty and Cb = oo for any 
b. 

Let / denote the point basis of a, and let P^^ be the inverse of the 
proximity matrix of a with the rows Xi, . . . For an arbitrary vector 

R = (ri, . . . , r„) G N", we set 

n 
i=l 

where pi is the simple complete f-ideal containing a and having the point 
basis Xi. We write 

Cr = 4 := cl^. 

Proposition 6.7. Let a be a two-dimensional regular local ring and let a G a 
be a simple complete ideal of finite colength. Let TCa denote the set of all 
jumping numbers of the ideal a. Then 

= {on G Q>o I i? G N"}. 
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Proof. We may assume a a. Take i? G N", and let bji be as above. As we 
observed in Remark 16.6^ cn = for some positive integer i. Hence 

D {cr eQ>o\Re N"}- 

To show the opposite inclusion, take a jumping number (z > 0). By 
Definition we get Jia") = Jia^"') ^ jla^^) for any c G [^i-i,^^). By 
Lemma [6.21 the base points of J^{a^) are among the base points of a. Then 
J7'(a'^) = bji for some R G N^, which means that = cji, i.e., 

c {cr g q>o I g n"}. 

□ 

Corollary 6.8. Let a be a simple complete ideal of finite colength in a two- 
dimensional regular local ring a and take R G N". Then the set {b^, \ z/ G 
N", Ci, = Or} has the largest element containing all the others. Furthermore, 
the set {J^{a'^) \ c < cr} has the least element, and these two coincide. 

Proof. By Proposition 16.71 Cr = C,i for some i G Z+. Then by Definition 
16.31 we obtain J'{a^'^'^) = min{j7'(a'^) | c < cr}. On the other hand, as we 
observed above i7(a^'"^) = for some /i G N", and clearly = = cr. If 
i/ G is such that Ci, = cr, then i7(a'^) D b^, for every c < cr. Especially 
Jia^'-^) = b^ D bi,, and therefore b^ = max{b,^ | c,y = cr}. □ 



7 Key lemmas 

In order to determine the set of the jumping numbers, we make use of Propo- 
sition 16.71 For the main proofs we shall need a few technical results which 
are mostly gathered in this section. As above, a is a simple complete ideal of 
finite colength in a two-dimensional regular local ring a having the resolution 
([2]) and the base points a = ai C • • • C Let P denote the proximity 
matrix and / = (ai . . . , a„) the point basis of a and let b/j and cr be as in 
Definition 16.51 Recall that Tia = {cr, \ R G N^} according to Proposition [621 

Notation 7.1. Let X and Y he row vectors of P^^ . For any R & set 

R := RP^^ and write 



X-Y 

where SX is as defined in Equation [2^) . In the following, we usually write 
R[X] ■= Ri[X]. 
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Proposition 7.2. Let Xi, . . . , X„ be the rows of P ^ . Then for any i? G N" 

cr = mill {R[Xi] \ i = 1, . . . ,n}. 

Proof Set D = Enso tliat aOx = Ox{,-D). We have by Definition EH and 
Equation (fTOl) 

J{a') = V{X,0;,{-{[cD\ - K))) = V{X,0;,{-{[cD\ - KD), 

where K denotes the canonical divisor and ( \cD\ —K)^ stands for the antinef 
closure of [cD\ - K. By Proposition OJ^(o'=)Oa' = Ox{-{[cD\ - KY) is 
invertible. Also b/j C a is invertible. Since J{p^^ and are both complete, 
we have Jijx"^ D exactly when Jijx'^^Ox 3 ^nPx-, which is equivalent to 

Ox{-{\cD\ - KY) D Ox{-^{\iR)E), 

where E is as in Equation ([5]). This means that 

{\cD\~KY <^{hR)E. 

Because ([c-Dj — KY is by definition the minimal antinef divisor satisfying 
([cDj — K) < {\_cD\ — KY, we see that this holds if and only if 

[cD\ -K< V{bR)E. 

Recall that V(bfl) = ■ Xi, . . . , ^ ■ X„) and V(a) = (J ■ Xi, . . . , J ■ X„) by 
Equation dH). Similarly, K = E* + ■ ■ ■ + E^^ = (SXi, ■ ■ ■ , SX„)E. Therefore 
the inequality above is equivalent to 

[cXi ■ i\ -j:Xi< R- Xi 

for every i = 1, . . . , n. So Jia"") ^ b/j exactly if [cXj ■ /J > ^ ■ Xj + SXj for 
some i = 1, . . . , n, or equivalently, 

cXi - 1 > R- Xi + SXi + 1. 

for some i = 1, . . . ,n. This means that c > -R[Xj] for some i = 1, . . . ,n. Now 
Cr is by Definition 16.51 the smallest rational number c, for which i7(a'^) ^ b/j. 
Thus we get the claim. □ 

The remaining problem is to tell for which Xj we reach the minimum of the 
-R[Xj]:s. Let 7o, • • • ,1g+i be as given in Notation 13.31 We shall now present 
a few useful equalities and equivalences which will be needed in calculating 
and comparing the -R[Xj]:s. 
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Lemma 7.3. Let U be as in Equation i[T7\ ) and suppose that u E U. When 
u > 1 let v satisfy 7^ < u < iv+i, whereas u = if u = 1. Set i] := •j^, and 
7 := 7j,+i. Furthermore, take R = (ri, . . . , r„) G N" and write 



^ ■= JZ^jPm andC:=J2 



where we set J := {1, . . . , — 1} U {j \ rj < j < u and j G U}. Write also 

5 := ^ ■ + EX, + 1 - (C + l)Xl 
Suppose that rj < k < 'y . Then 

i) SXfc + 1 = Xfc,^(SX^ + 1) + Pfc,r,; 

a) R ■ Xl"^ < pk,r,C + Xk,n^; 

III) ^ ■ Xfe + SXfe + 1 < (5 + S)xk,r, + (C + l)(a;fc,„X2 + pfc^^); 
zi'j If u = 1, then 5=1; 

v) Ifu> I, then i?[X^] ~ R[Xu] <^ 5 ~ Xu^^X'^^ : 

where ~ denotes any of the relations =,< or>. Moreover, the equality holds 
in a) and Hi) if k = u. 

Proof, (i) Clearly, 

SXfc + 1 = SX^^ + Xk^r) + '^-^^^ + 1 — Xkrj- 

By using Proposition 13. 121 we get SX^'' + Xk,r] = a;A;,r7(SX^ + 1), and further, 
by Proposition 15.81 we obtain SX^** + 1 — Xk^n = Pfc.r?- 
(ii) We first observe that 

R-Xl^ = j^r,X,.Xl\ 

i=i 

Because /c < 7, we have Xj ■ X^^ = [Xk ■ Xj]^. Proposition 15.21 then yields 
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that 

n 

n 

— ^j^j,vPk,ri + '^jPj,V^k,ri 

j€J j<^J 

Pk,r]C ~l~ ■^k,ri^- 

Let us then show that the equahty holds here ii k = u. By the above it is 
enough to prove that 



[Xu ■ X 



•^u,T]Pj,ri^ if j ^ "-^j 



Indeed, suppose first that j G J. Then either j < t] or j E U with r] < j < u. 
In the first case we have [X„ ■ Xj],^ = = Xu,nPj,rf, while in the second case 
[Xu ■ Xj] ^ by Proposition |5.2| as wanted. Suppose then that j ^ J- 

li T] < j < u, then j ^ U, and Proposition 15.21 gives [Xu ■ Xj]^, = Xj^riPu,r]- If 
j > u, then the same holds, as m G f/. 

(iii) Using Proposition 13. 121 we have 

R ■ Xfc = R ■ X^^ + R ■ X^^ = Xk^-qR ■ + R ■ X^^ . 
By i) SXfc + 1 = Xfc^^(SX^ + 1) + Pfc,r?- Putting these together yields 

f?-Xfc + sXfe + i = Xfc,^(i?-x^ + sx^ + i) + pfe,^ + i?-x>^ 

= Xk,^6 + (C + l)a;fc,^X2 + p^^^ + R ■ X>^. 

By ii) R ■ X^^ < Pk,riC + Xk,q^, where the equahty holds if = u. Thus the 
claim is clear. 

(iv) If M = 1, then rj = 1, which implies that X^ = 1 = SX^. Furthermore, 
we have J = 0, which yields 

n 

Thus we see that 5 = R - X^ + SX^ + 1 — ^ — 1 = 1. 
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(v) Observe that X„ ■ I = a^^Xu^riX"^ + [Xu ■ I]u by Corollary 15.3^ where 
/ = (ai,...,a„) = Xn- Because u E U, we have [X„ ■ I]^, = a^^Pu^r] by 
Proposition 15.21 Therefore we obtain by using iii) 

= x-J 

Pu,r]) 

{R- Xr, + EXr, + 1) + Xu,'nC + (C + l)P«,r; 

Noting that • I = X^ ■ J-^ = a^X^ by Proposition 13.121 we then see that 
-R[X^] ~ -R[X„] is equivalent to 



R- X^ + J:X^ + 1 Xu,r,{R ■ Xr, + SX^ + 1) + Xu,ni + (C + 



X2 X X2 + O 



(29) 



If M > 1, in which case u > rj, then p^ ,, > 0. An elementary fact similar to 
Equation (!26l) says that if a, 6, c, d G N such that bd ^ 0, then 

a + c a c a 

- ~ - (30) 



6 + b d b 

where ~ is one of the relations =, < or >. By using this we see that Equation 
( l29l) is further equivalent to 

^ ■ X^ + EX^ + 1 Xu,rj^ + (C + l)pu,v 

Pu,ri 

which is the same as 

5 = ■ X^ + SX^ + 1 - (C + 1)X2 ~ ^^^tf!^, 

Pu,ri 

The claim has thus been proven. □ 

Next we will show that the relevant indices in searching the minimum 
of the i?[Xj]:s are in the set F = F* U {n}, where F* denotes the set of the 
indices corresponding to the star vertices of the dual graph as before. 

Lemma 7.4. Let Xi,...,X„ he the rows of P^^ := {xij)nxn- Let i G 
{1, . . . ,n}. For 1 < i < n, let u E {0, . . . , g} satisfy 7^ < i < 'Jv+i, whereas 
1^ = if i = 1. Write rj := •y^, and 7 := 'ju+i- Then 

R[Xr,] > R[Xi] R[Xi] > R[X^]. 

Moreover, in the case n > 1 we have -R[Xi] > i?[X^J. 
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Proof. It follows from Proposition 13.121 that 

■ X-^ ■ Xn Xi ■ X^'^ Xn,^Xi ■ Xj ■ X^ 



X^ • X^i ^ ■ Xji X.y ■ Xn Xfi^^X^ x^ 

which shows that 

R- Xi + SXj + 1 R-X^ + SX^ + 1 

^[Xi\ = 77 77 > 77 77 = n[Xy\ 

is equivalent to 

R- Xi + SXj + 1 y Xi ■ X^ 
R-X^ + SX^ + 1 ~ X2 

Clearly, -R[Xj] > i?[X^] if and only if the inequality here is strict. 
Suppose first that i ^ U. According to Corollary 15.41 (iv) we have 

^i,riX + Pi^j^ Xi rj Xi ■ Xj 
77^- = (^2{i,V > fXi(z,7) = \ 

As 1 G f/ we must have I < r] < i < Then p^^^ > 0, and Equation (l30l) 
implies 

Pi,ri ^ '^i,ri 



It follows from Lemma 17.31 (i) that 

SXj + 1 _ Xi^r^{EXr, + 1) + Pi,r, 
SX^ + 1 X^^rjiJ^Xrj + 1) + p^^ri 

An apphcation of Equation (IHUj) then gives 

SXj + 1 ^ Xi,n Xi • Xy 
SX^ ~l~ 1 •^7,?? x^ 

In the case R = this is the same as Inequality (|3T|1 . If i? 7^ 0, then 
Proposition 15.51 yields 

R ' Xi ^ Xj ■ X.y 



R ■ X^ X^ 

Applying Equation (pUj) to these two inequalities implies Inequality (IHTj) . 
Suppose then that i E U. According to Corollary 15.41 (iv) we have 

^i,v _ ^^^^ y ^^^^ _ ^hv-^v + Phv _ Xi ■ X^ ^^2^ 
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Choosing u = i and = 7 in Lemma [7.31 (iii) gives 



+ + X^,rj{S + + iC + '^){Xj,r,X^+Pj,^)' 

By Lemma O (iv) and (v) R[Xr,] > R[X,] implies 6 > 0. Then 6 + ^ > 0. 
If 5 + ^ = 0, this already proves Inequality (!3B by Inequality (!32l) . Thus it 
remains to consider the case 6 + C, > 0. Then we may apply Equation ( l30l) 
to (I32D to get 

Xi,r,{S + + (C + l)(a;i,r,^^^ + pi,r,) ^ Xj,^X^ + p^,^ 

Combining this to Inequalities flH^ and flHHj) shows that Inequality flHTl) holds. 
The first claim has thus been proven. 

The second claim follows from putting 2 = 1 in the inequalities above. 
Note that Inequality ( l32l) is now strict, which implies that so are Inequalities 
and (13T|) . too. Indeed, 1 G f/, and n > 1 yields that 71 = 7 > 77 = 1 so 
that p^^r] > while pi ^ = 0. □ 

Proposition 7.5. Le^ Xi, . . . ,X„ 6e the rows of := {xij)nxn- Then 

Cr = min | 7 G f } 

for any R = (ri, . . . , r„) G N"". Moreover, cr < R[Xi\ if n > 1. 

Proof. According Proposition 17.21 we have cr = min{R[Xj] \ j = 1, . . . ,n}. 
Hence the claim is obvious in the case n = 1. 

Suppose that n > 1. By Lemma [7^ we have cr < -R[X^J < -R[Xi]. Thus 
the last claim is clear, and furthermore, if i is such that cr = R[Xi\ for some 
i, then i > 1. It follows that 71/ < i < 'ju+i for some u E {0, . . . , g*}. Because 
-R[-^7^] > Lemma mi yields R[Xi] > i?[X^^^J, which further implies 

that Cr = R[X^^^,]. □ 

Lemma 7.6. Suppose that 7 G F*, and take any i? G N" such that cr = 
R[X^]. Then cr<i = R'^'^[X^] < , and for some m eN, 

m 

Cr = Cr<i + — . 

Proof. Write R = (ri,...,r„) and set R' := R^'^. In order to show that 
cr' = R'[X^], it is by Proposition 17.51 enough to verify, that R'[X^] < -R'[X^] 
for any 77 G F. 
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Write R = R' + R", where R" := R^^. Furthermore, set R' := R'P-^ and 
R" := R"P-\ Then 

R = RP-^ = R'p-^ + i?"p-i = R' + R\ 
and for any row X of P^^ we may write 

^^^^ ^ .u'.u'rx.^x,^ ^ ^,,^^1 ^ ^3^^ 

Assume that r/ G F. Proposition 17.21 imphes that cr = R[X^] < -R[X^]. So 
P'[X,] - < - =: A. 

We will show that A < 0. Note that the claim is trivial, if P = R'. Thus we 
may presume that R" 0. 

Suppose first that t] < •y. Then = X^'^. Since R" = Yl^=y^i-^iy 
see by using Proposition 13.121 that for any rj < 'y 



R" ■ X, R" ■ '-^^f' ■ "-^-.7-^7 ■ X, 

I ■ Xri I ■ X^^ I-'^ ■ Xj^ a^X^ ■ X^i 

where m := ^"^^ fi^i^^. Hence A = (m — m)/a^ = 0, if ?7 < 7. 
Assume next that f] > y. Then Proposition 13.121 implies that 

/ • X^ I ■ X—''^ J—^ ■ Xy clyiX^ ■ X^ Xfj ■ X^ 
I-Xr, ^ JTJfi ^ I<v . X, " a^X2 = XI ■ 

By Proposition 15.51 we have for every i = 1, . . . , n 

Xi ■ X^ ^ ■ X^ 

Xi ■ Xri X^ 

By applying Equation ( l26i) we then get 

R" • X^ 5^1=7 ^i-^i ' ^7 ■ / ■ X^ 

R" ■ X, ^ T.UnX,-x, - XI = Tx^- 

Thus 

^ ^ R!' ■ X^ _ -R'' ■ -^7 < Q 
/ ■ X^^ I ■ X^ 

and therefore c/j/ = _R'[X^]. Subsequently, by Equations and 

R" ■ X ^ 

CR = R[X^] = R'[X^] + — — ^ = CR, + 

1 ■ 
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m 



(36) 



It remains to show cri < Set i := minjr/ G F | 7 < r/}. Observe 

that such an index exists, because by assumption 7 < n. Recall that i E U 
(see Remark 15.11) . Since cri = R'[X^], we have < R'[Xi\. By Lemma 

17.31 (v) this implies 

i?' ■ + SX^ + 1 - (C + l)X^ < f!i25i . (37) 
We have pi^^( + Xi^^^ = R' ■ Xf^ by Lemma 17731 (ii). On the other hand, 

Therefore Equation (1371) gives 

^'■X, + EX, + 1< (Pl£!^±^ + ^X^^ = Xl 
Since X^ • / = X^ ■ /-''' = a^X^ by Proposition 13.121 we obtain from this 
R'[X ] = • -^7 + ^-^7 + 1 < ]_ 

X-y ■ / 

Because cr' = R'[X^], we get the claim. □ 



8 Jumping numbers of a simple ideal 

In this section we will give a formula for the jumping numbers of a simple 
complete ideal a in a two-dimensional regular local ring a in terms of the 
multiplicities of the point basis / ) of a. Let 7o, • • • , 7g+i and F* 

be as in Notation 13.31 Recall from Proposition 14.31 that F* the set of indices 
corresponding to the stars of the associated dual graph. Before we proceed 
to the main theorem, we prove the following lemma: 

Lemma 8.1. Let a be a two-dimensional regular local ring, and let a be a 
simple complete xna-primary ideal in a having the point basis I = (ai, . . . , a„) . 
For u = 0, . . . , g , write = V o^nd 7^+1 = 7, and set 

I ■ I^^ 

Then 
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Especially, is an integer, for which 

gcd{a^,6i.} = a^. 
Moreover, < b^, where the equality holds if and only if n = 1. 
Proof. Proposition 13.121 gives /-^ = a^X^. Therefore 

_ I ■ I^^ _ a^I ■ 

Using Corollary 15.31 we obtain X^ ■ I = a^(x^^^X^ + p^), and so we get the 
first claim. Clearly, b^, is an integer, and since < I ■ I-^ = a^b^, we see 
that < b^. Here the equality holds if only if = 1. By Corollary 13.151 

Qj^x^^n ~~ and Qj^pi/ = Pn^T}' Then 

gcd{a^,6j.} = gcd{a^,a^(x^,^X2 + p^)} 
= gcd{a^,a^X2 + p„,j} 
= gcd{a^,p„,^}. 

By definition p„_^ = a^+i + ■ ■ ■ + cIt^+i, and = ■ ■ ■ = ar^^^-i by Propo- 
sition [331 Thus gcd{a^,p„,^} = gcd{a,,, Ot-^^j}, and the claim follows from 
Proposition 13.71 □ 

Remark 8.2. The integers ai,bQ, . . . ,bg in fact coincide with the so called 
Zariski exponents Po, . . . ,Pg+i. The Zariski exponents can be defined recur- 
sively as follows. Let P[, . . . , be the Puiseux exponents (see Notation [32] 
and Remark [3781) . Proposition 13 . 71 gives that gcd{a-y^_-^-|-- ■ ■+ar^, a-^^_j} = a^^ 
for every u = l,...,5f-|-l, and then by using Corollary 13.151 we see that 

n/ _ ^l^gu-l + • • • + ^7,.,T^ 
Pu 1 

where gcd{z-y^,-^^_j + ■■■ + a;-y^,,r^, = 1. Recall that by Corollary 
13.151 a^^ = x^^^j,^^ ■ ■ ■ x^^^-^^^g for every u = 0, . . . ,g. Note that the integers 
a-yg, . . . , a^g+i and x-y^^-yg, . . . , x^g+i,^^ are usually denoted by eo, . . . , e^+i and 
77-1, . . . , n^+i, respectively (cf. [201 P- 130]). Write no := 1. Following [201 
Equation 6.1] (clearly, Cj+i is a misprint in the cited equation), set 

/9o := eo, and := {jSl - l)e^-i + I3u-inu-i ioi I <v < g + I. 

Let us prove that these are the integers a^g,bo . . . ,bg. From the definition 
above we see that Pq = a^^ = I ■ X^^. In order to verify that Pu = b^-i for 
1 < < fl' + 1, let us first show that Pu^u = I ■ X^^ also for z/ > 0. Suppose 
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that l3^^in^_i = I ■ X^^ -^ holds for some 1 < < g + 1- Remark 13. 141 shows 
that {PI - l)e^_i = p„,^,_i, and I ■ = a^,^^X^_^_^ by Proposition |3J2| 

Subsequently, we obtain by using Corollary 15.31 

(3^n^ = n^(J-X^^_, +Pn,7.-i) = +Pn,i.-i) = I-Xi.- (38) 

Thus an induction on v shows that 



for 1 < V < g + 1., where the last equality follows from Corollary I3.15[ 
Together with Lemma F8.il this completes the proof. 

We have also an alternative characterization for the Zariski exponents: 

= Vr,Aa) = v{Pr,,) {u = 0,...,g + l). 

Clearly, this holds for u = 0. Let us then verify this in the case z/ > 0. 
Equation (l38l) yields [3^ = I ■ X^^_^ + Pn^-y^^i for 1 < u < g + 1. On the 
other hand, since Xr^^i = 1 for every '~fu-i < < T;/ by Proposition 13.101 
we get I ■ X^J^"-'^ = Pn,7^_i- An application of Proposition 13.121 then gives 
/ ■ XlT-i = I ■ Subsequently, for 1 < z/ < ^ + 1, 

Because I ■ X^.^ = Vr^{a) = f (Pt^), as observed in Remark EiSl we thus obtain 
the desired characterization. 

Theorem 8.3. Let a be a two-dimensional regular local ring, and let a be a 
simple complete vcia-primary ideal in a having the point basis I = (ai, . . . , a„) . 
Let r* = {71, . . . ,'jg*} the set of indices corresponding to the stars of the dual 
graph associated to a, and write 70 := 1 and 7g*+i := n. For u = 0, . . . , g* , 
set 



b 



and then define for s,t,m eN 



, s + 1 t+ 1 m 



S + 1 t + 1 1 

s,t,m e N, h — ; — < 



a^^ by '3-7^+1 



for z/ = 0, ...,(?* — 1 and 

The set of the jumping numbers of the ideal a is then 

na = HoU-'-UHg*. 
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Proof. If n = 1, then a = rriQ,. Subsequently, Ha = {m E N \ m > 1}, and 
the case is clear. Thus we may suppose throughout the proof that n > 1. 

To see that every jumping number is in i^o U ■ ■ • U Hg* , recall first that by 
Proposition 16. 71 any element in Tia is of the form cr for some R G N". Take an 
arbitrary R = (ri, . . . ,r„) G N"'. By Proposition 17.51 there is u E {0, . . . , g*} 
(recall that T = {71, . . . , 7g.+i}) such that 

CR = R[X^]<R[X^l (39) 



where 7 := •ju+i and r] := '^y. As observed in Remark 15.11 •j E U. Thus we 
may apply Lemma 17.31 (iii) to get 

^ ^ R-X^ + J:X., + 1 ^ (x^,,X^^ + p.)(C + l) + x^,,(^ + ,5) 

By Corollary 13.151 we have ar^/a^ = x^^ri- It then follows from Lemma l8.ll 
that 

I ■ X^ = ar,{x^^^X^ + p^) = x^^r^bi,. (40) 
Putting all together we get 

cr = + ^— . (41) 

Clearly, (+1 is a positive integer, and by Lemma 17731 (v) we see from Equation 
(!39|) that 6 and thereby also ^ + S are positive integers. 

If z/ = (yf*, then Equation (HT]) proves that C/j G -ff^*. If z/ < then it 
follows from Lemma [77^1 that cr is in if,^ exactly, when CR<-f is. Thus we may 
assume R = R'^"' . This case is now clear by Equation (HTll . as Lemma [7.61 
guarantees that Ci^<7 < . Subsequently, 

HadHQU-'-UHg* 

as wanted. 

In order to prove the opposite inclusion, we first need two more lemmas. 

Lemma 8.4. Let v G {0,...,(7}, "where g is the number of the terminal 
satellites of a, and let tyj^i.rriy^i G N. Then there exists two sequences of 
pairs (si, ti), . . . , (s^, ty) and (sy_|_25 "^^+2)5 • • • , {sg, nig) of non negative inte- 
gers satisfying the following conditions: 

i) for every 1 <i < v 

ti+i + 1 + X^^ = {si + l){x^^.,^_,X^^_^ + pi_i) + {ti + l)x^,,^,_i. 
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ii) for every u < i < g we have mi = mj+ix^-^-^^^- H-Sj+i and Sj+i < 3:^^+1,7^ 
Moreover, writing Sg+i := nig we get for every v < IJ^ < g 



Hi) For any k = u + 2, . . . , g + 1, we have 

(m^+i + l)py,,y,+, + ■■■ + {rrik-i + l)py,,y^_, m^+i + 1 
:= : : ^ 



'7^+1 



Proof, (i) Using descending induction, suppose that tj+i G N is given for 
some 1 < i < By Corollary 15.31 

^7i,7i_l (3^7i,7i_i^7j_l + Pt-l) = "^7i- 

Note that 3^7i,7i_i — ct7i_i/'j^7i by Corollary inUSl Moreover, we also have 
X7-^7._jX^._^ + pi_i = bi_i/a^- by Lemma [8. 11 which then further yields 



«7» 

The existence of a pair (sj, tj) now follows from Lemma 18751 b elow . and thereby 
we obtain a sequence (si, ti), . . . , {s^, ty). 

(ii) Given a non negative integer rrii ioi v < i < g, we have mj+i, Sj+i G N 
with rrii = mi+ix^-^^^^^- + Sj+i and Sj+i < 0:7-^-^^7-. Arguing inductively, the 
existence of the pairs (5^+2,^^+2), . . . , {sg,mg) is then clear. Observe that 

rrig Sg-^-lX^g ^7g. Moreover, assuming that 

a 

i=/i+l 

holds for any u < p < g we see by using Corollary 13.151 that 
9 9 



^ ^ Sj-j_iX7^^7^^^-^a;7^^-^^7^ + S^_|_l ^ ] ■^t+1^7i,o 



Hence this holds for every f < p < g. 

(iii) To prove the last claim we first note that for every v < i < g 

TTT'i+l + 1 ''^j+l'^7i+i,7i "I" 3^7^+1, 7i 



'^7i+l '^7i + l"''7i + l:7i 
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As x^^^-^^^. > Sj+i + 1 and a^^j^^Xr^^^-^^^^^ = a^- by Corollary 13.151 we see that 
mj+i + 1 ^ m^+ix-y^^.^-y^ + gj+i + 1 _ rrii + l 

Because p^j,,^^ > for every u < i < k, the above implies 

{mi + ^ "-t^+i + 1 

The claim follows now from Equation (1261) . □ 



Lemma 8.5. If a < b are positive integers and gcd{a, 6} = 1, then for any 
positive integert there exist positive integers u andv such thatua+vb = ab+t. 

Proof. We can assume a < 6, as the case a = 6 = 1 is trivial, and clearly, 
we may reduce to the case t < a. Since gcd{a, b} = 1, we can find a positive 
integer p such that pa = 1 mod b. Then tpa = t + qb for some integer q. 
We see that b \ tp, as otherwise b \ tpa — qb = t, which is impossibile as 
< t < a < &. Thus we may find integers r and u such that tp = rb + u and 
< u < b. We get tpa = rba + ua = t + qb, i.e., ua = t + {q — ra)b. As < ua 
and t < b, we see that < q — ra. Since u < b we get ua = t + {q — ra)b < ab. 
Especially, this gives q — ra < a. Set v := (r + l)a — g. Then we observe that 
V > and 

ua + vb = ua + {{r + l)a — q)b 

= t + {q — ra)b + (r + l)ab — qb 
= t + ab. 

□ 

Choose any z/ G {0, . . . , g*}, and take an arbitrary element c G H^. Then 
there exist s, t, m G N such that 

s+lt+lm m+1 
c = 1 1 , moreover, c < n u < g . 

As above, write rj = ji, and 7 = ju+i- In order to prove that c = cr for some 
i? G N", we shall proceed in three steps. 

A) To begin with, we shall construct a suitable i? G N". Let g be the 
number of the terminal satellites of a. Set t^+i := t and rriu^i := m, and let 
(si, ti), . . . , {si,, ty) and {sy^2, ■ ■ ■ , {sg, nig) be sequences constructed 

as in Lemma 18.41 From these we obtain a sequence sq, . . . , Sg+i G N by 
setting 5,^+1 := s, Sq := ti and Sg+i := nig. Define R = (ri, . . . , r„) so that 

Sy a i = Ty for some u = 0, . . . , g + 1; 
otherwise. 
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We observe that 

R = SoX^-g + • ■ ■ + Sg+iX^-^^^ = Rk + Sk 
for any k = 0, . . . , g + 1, where 

k ^ 5+1 

Rk ■= X^Sj^r, and S"/, := ^ s^X^^. 

i=0 i=k+l 

B) We shall show c = R[X^]. For k = 0, . . . , g + 1, set 
ij{k) := Rk-X-y^ + EX^^ + l. 

Note that 

/ ■ X^ I • X^ I • x^ 

According to Proposition 13. 121 we have X^J^^ = Xri^ 1,7^X^-5 where x^+j^^'yi = 1 
by Proposition 13.101 If i > k, then 7^ < 7^ so that 

Xt- I 1 ■ X-y, = Xt I 1 ■ X~^' = X~^' • X-y, = X,^. ■ X-y, . 

Moreover, an application of Proposition 13.121 gives 



Therefore 



Sk ■ ^7fc _ ^ gt+lXT-._|_^ ■ X7^^ _ ^ Sj+iX^^ ■ X^^ _ ^ s 

As a.yja^. = X7-,7 by Corollary 13.151 it follows from Lemma [8.41 (ii) that 



'j+i 



c V 3 a 

^u+i ■ ^7 _ Sj+i _ 34+1X7.^7 _ m 

dry. Ct-y CLfy 

We aim to show that 

+ 1) = (t + 1)^7,^ + (s + l)(x7,^Xj + p^). (44) 

Suppose for a moment that this holds. As we already saw in Equation ( l40l) . 
/ ■ X7 = a^(x7,r)X^ + Pi,) = x^^rjK- By Equations (H2l) and (H3l) we then have 

J ^ (t + 1)^7,^ ^ (g + l)(x7,^X^ + pi.) ^ m 

/ ■ X^ / ■ X^ 0.^ 

(t + 1) (s + 1) m 
= + ^ + — = c 
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as desired. 

In order to verify Equation (jH]), recall first that by Proposition 



By Corollary 13.151 we get ^7^,7^ = x^^^^-^^pi for < i < /c, and so 
Setting := 2 allows us to write 

k 

^{k) = Rk ■ X^^ + EX^, + 1 = 5^ (s^^r, ■ + a;^„7, A-i) • (45) 

j=0 



If i < fc, then 7fc_i >'ji>Ti, and Proposition 13.121 implies that 

Furthermore, by Corollary 13. 151 a;^,, = x^;,,7j._ia;^j._i,7i. Hence for i < /c 
SjXt-- ■ X^^ + x^^.^.pj_i = (sjXt-. ■ X^j._j + a:^^_j^^-pj_i). 

Therefore we get by Equation 

fc-i 



-1 X] (■^^^^^ ■ ^7fe-l + ^7fc-l,7iA-l) + -Sfc-^rfc ■ -^7fe + Pfe-l- 



i=0 



•^lk,lk- 



j=0 



But a look at Equation (1451) again shows that this is the same as 

ilj{k) = x^^^^^_^ij{k - 1) + SkXr^ ■ X^^ + pk-i. 
Proposition 13.101 says that Xr^^^^_^ = ■ ■ ■ = Xr^^r^ = which implies that 

V V -v^<7fe-l \A<7fc-l I V \A>7fc-l 

^Tfc ■ ^-yk — ■ y^-/k + ■ ^Ik 

~ -^rk^k-l-^lktlk-l-^-ik-i ~^ P^-"^ 



X. 



IkHk- 



as X^^'' ^ = x^j.^^^_^X^^_j and X^'''''' ^ = Xt-j,,^j._-^X^j,_^ by Proposition I3.12[ 
This yields a recursion formula 

i:{k) = x^,,^,_,V'(A; - 1) + Sfc(x^,,^,_,X4_^ + Pk-i) + Pfe-i- (46) 
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We claim that for k = 0, 



Taking k = u, Equation (jUj) results from the recursion formula above. 

We use induction on k. By definition sq = ti and 70 = tq = 1, so that 
Equation f HSl) gives 

V^(O) = so + 2 = ti + l + X2^. 

Assume next that ip{k — 1) = + 1 + X'^^_^ for some 1 < k < v. Then the 
recursion in Equation f H6l) yields 



2^7fc,7fc_i + '5fc(2^7fc,7fc_i-^^^_-^ + Pk-l) + Pk-1 
= {tk + l)a;7fe,7fc_i + {Sk + l)(a;7fc,7fc-l^7fc-i + Pk-l)- 

Subsequently, by Lemma 18.41 (i) we get ip{k) = t^+i + 1 + X^^ as needed. 
This completes the step B). 

C) It remains to show that -R[X^] = cr. If this is not the case, then by 
Proposition 17.51 there is an integer 7^ z/ + 1 satisfying 

cr = R[X,^] < R[X,] (47) 

(7 = lu+i)- Assume first that k < u + 1. Then < jk < Tk+i by Equation 
( fTTl) . which yields Rk = (-R^'^'=)~, and subsequently, 

^<7.[^_^ ] ^ ■ ^7. + S^7. + 1 _ ^(fc) 



^ - ^Ik ^ - ^Ik 



By Lemma 17.61 this gives 



m ^ 1 



On the other hand, using Proposition 13.121 we get 

I ■ X = I ■ X-^^ = I-""' ■ X = a 
and then by Equation (jH]) 

^(fc) _ tk+i + 1 + ^4 ^ 

which is a contradiction. Therefore we must have k > u + 1. Then v < g* 
and by assumption and the step B) 

TYl -\- 1 

R[X^] = c < (48 



ay 
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Clearly, we may rewrite inequality fH7|) 
R ■ X^^ + SX^^ + 1 

R ■ x|; + SX|J + X,,,, + ^ ■ x>; + sx>; + 1 - 

■ -^7 J + ■ -^7 J 

x,,,^iR ■X^ + EX^ + 1) + R- X>; + SX>; + 1 - x,,,^ 
R • X^ + SX-y + 1 

^ Tx^ ' 

where the second equality follows from Proposition I3.12[ Applying Equation 
(130|1 to this, we get 

R ■ X>T + SX>^ + l-x^,^ 

< R[X^]. (49) 



>7 



We aim to prove that 



r-x>j + j:x>j + i-x,,,, 
/.x>j 

where $fc is as given in Lemma [H31 This will lead to a contradiction proving 
the claim, because $fc > (^^ + l)/'27 by Lemma [8.41 (iii). and then 

R[X^] < < < R[X^]. (50) 

Because 

g+l fe-1 

^ = 5^..X,andX>;= J2 ^^'''"^^ 

1=0 j=v+l 

we get 

3+1 fe-1 g+l fe-1 

Here [X^^ ■ X^^]j = whenever i < j < k, because then Xj < 7^. Therefore 

fc-l g+l 

^■^7';"= E E ^4^-«-^7Jr 

j=u+l i=j+l 

48 



As observed in Remark 15.11 7^ G f/ and ti ^ U when < i < g + 1. Note 
also that 7^ < r^+i = n. Therefore [X^-. ■ X^^]j = Xr^^-y^p^^^^-y^ for < z < + 1 
by Proposition 15. 2[ If j < i, then ■jj < 7j„i < Ti, and by Corollary 13.151 we 
get Xn^-y^ = Xri,-yi_iX.y._-^^^^, where Xri,-yi_-^ = 1 according to Proposition 13.101 
Hence 

ioT V < i < k and j < i < g. Subsequently, by Lemma [8^ (ii) 

j=u+l \i=j+l / j=v+l 

By Proposition 15.81 we know that 

k-l 

Thus we get 

fc-1 

^7fc >7j • 



■ x>; + sx>; + 1 - X,,,, = + i)P7 

i=j/+i 



Moreover, [/ ■ = a^^p^^^^-y. for every j < A; by Proposition 15.21 and so 
fc-1 fc-1 fc-1 

.7i • 



j=u+l j=u+l j=v+l 



Hence we finally obtain 



^ ■ x>; + sx>; + 1 - x,,,, _ E .ti+ilm, + 1)P7„7, 



T y>l Y^fc-1 

'^Tfc Z^j=i.+l%P7fe,7j 

which leads to the contradiction (130]) . The proof is thus complete. □ 

As a corollary, we give the result for the monomial case. 

Corollary 8.6. Let a he a simple complete ma-primary ideal in a two- 
dimensional regular local ring a. Let I be a point basis of a. Suppose that 
T* = 0. Write a := ord{a) and b := P/a. Then the set Ha of the jumping 
numbers of the ideal a is 



H ■-- 



s+l t+l 



s,ten\. 
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Lemma 8.7. In the setting of Theorem \8.3\ we have for every v G {0, . . . , (7*} 
In 'particular, the subsets Hq, . . . , Hg* are non empty. 

Proof. Obviously, the claim holds for u = g*. Suppose that < u < g*. Note 
that then v < g, which implies that n > 1, and further, by > a^^ by Lemma 
I8.1[ Recall also that a^^ > a^^^^ by Proposition 13.51 Because a^^+i | a^^ by 
Proposition 13.7^ it follows that b^ > a^^ > 2a^^^^ . Therefore 

1 1 1 

< 



Ctj^ by (^Jv + l 

and then the claim follows from Theorem I8.3[ Hence Hy is a non empty, in 
fact an infinite set for every z/ G {0, . . . , (7*}. □ 

Notation 8.8. For every i/ G {0, . . . ,g*}, write 

C-=— + ^ { = mmHy). 

Proposition 8.9. Let a be a simple complete ideal in a two-dimensional 
regular local ring a with the point basis (ai, . . . , a„). Then ^ Tia for any 
2 G {0, . . . , (7* + 1}. In particular, 1 ^ Tia- 

Proof. Let z/ G {0, . . . , g*} and let us write 7 := ^y+i and r] := jy. According 
to Corollary 13 . 1 51 we have Furthermore, by Lemma [8.11 we have 

by = a^lx^^riX"^ + Pv) and gcd{ar,,by} = a^. Let us write a := a^/a^ and 
b := by/a-y. Then a and b are positive integers with gcd{a, b} = 1. 

Assume that G Hy. Theorem 18.31 then shows that there are positive 
integers u and v with 

V ^ u 1 

Ojf^ CXiy 

So vb = {b — u)a. This is impossible, because gcd{a, 6} = 1. Therefore 
^ Hy, which further implies that m/a^ ^ Hy for any m G N and 
V < g*. Especially, if i > u, then we may choose m = x^^^-y, and we see by 
Corollary 13. 151 that ^ Hy. li i < u, then a^. > a^, which shows that 

111 
— < h 7- = mm Hy. 

Therefore ^ Hy for any i and for any u, i.e., ^ Ha- □ 
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Remark 8.10. By Proposition 18.91 we observe that we could define the sets 
for z/ = 0, . . . , (7* — 1 in Theorem 18.31 as follows: 



s + 1 ^ t + 1 ^ 



s + l t + l 
s,t,m e N, h — < 



"71^+1 



Proposition 8.11. Let a be a simple complete ideal in a two-dimensional 
regular local ring a with the point basis I = (ai, . . . , a„). Then 



{ce Hg,\c> 1} = |l 



k + 1 



ken 



Especially, every integer greater than one is a jumping number. Moreover, 
1 + 1/P is the smallest jumping number at least one, while 1 — 
the greatest jumping number at most one, whenever g > 0. 

Proof. Let the sets Hq, . . . , Hg* be as in Theorem 18.31 For < u < g*, let 
us write rj := •y^, and 7 := ju+i- Set a := a^/a^ and b := b^/a^. Proposition 
13.121 yields /-''' = a^X^, and thus ab = X^. By Lemma [H?T] gcd{a^. bi^} = a^, 
i.e., gcd{a, 6} = 1. It follows now from Lemma F8. 51 that we can find s,t G N 
for any A; G N satisfying 

ab + k + l = {t + l)a + {s + l)b. (52) 

Recall also that by Theorem 18.31 every element in H,y is of the form 

{t + l)a+ {s + l)b + mab 



a^ab 



for some s,t,m E N. Thereby we observe that 

k + 1 



C 

for every z/ G {0, . . . , g*}. 

Choosing i' = g* gives = 
then a = c 



(/<7) 



X. 



79* + 1 



ken 



I and 



(53) 



(54) 



1. Moreover, 



and b = by ^. Equations ( l52l) and ( IMI) now yield that 



1 + 



k + 1 



ken 



^ = {ceHg,\c>l}. 



Subsequently, 1 + 1//^ is the least element in Hg* greater than one, and every 
integer greater than one is in Hg*. Furthermore, Equation fl3^ implies that 
1 + 1//^ must be the smallest jumping number at least one, as 1 ^ Tia by 
Proposition 18.91 
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For the last claim, note first that ii g = 0, then g* = 0. In that case 
Theorem 18.31 imphes that Ha = Hg* , and = 1 by Proposition 

13. 51 Especially, Equation ( 15^ then shows that every jumping number of a is 
greater than one. 

Suppose next that g > 0. Observe that if c G H,j and c < 1, then it follows 
from Equation (13^ that < g, because = 1 by Proposition 13. 5[ 

Set u = g — l.Then we get a > = 1 by Proposition 13. 5^ and By Lemma [HH] 
a < b. Let = a — 2 in Equation ( |52l) . and take s, t G N accordingly so that 
ab + a — 1 = {s + 1)6 + (t + l)a. Note that t must be positive as otherwise 
b \ ab — 1 implying 6=1. But then 1 < a < 6 = 1, which is impossible. Thus 

(J<7s)2 _ 1 _ _ 1 _ (3 ^ ^ ^ 1)^^ 
where t' = t — 1 eN. In particular. Theorem 18.31 now shows that 



1 _ s + 1 , t' + 1 



Moreover, it follows now from Equation (iMl) that this must be the maximal 
jumping number at most one. □ 

Corollary 8.12. Let a be a simple complete ideal in a two-dimensional reg- 
ular local ring a and let Ti^ denote the set of the jumping numbers of a. The 
Hilbert- Samuel multiplicity of a is 

e(a) = (r-l)-\ 
where ^' := min{^ G TCa | > 1}. 

Proof. It follows from the Hoskin-Deligne formula that the Hilbert-Samuel 
multiplicity of a is where / denotes the point basis vector of a (see [T3l 
Corollary 3.8]). By Proposition 18.111 we now know that ^' = (1 + P)-^. □ 

Lemma 8.13. For /x, z/ G {0, . . . , g*} set 

e^^^ := minU G i/^ U > — 

Then 

^f^^>l^■ 

In particular, O^^y > where the equality holds if and only if 
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Proof. Since l/a^^ < C = minif,^, we observe that 9^^^ = ^l. 

Suppose that fi > u. Then a^^^^ > a^^ by Proposition I3.5[ As u < g* 
and G H^, by Lemma F8.7[ Theorem 18.31 shows that < l/a^^_^j. Hence 

./111 111,, 
C = — + 7-< < — < — + T- = C, 

which yields < = 6^^^. 

Suppose next that n < u. In particular, this gives n < g*. As 0^^^ G 
we then know by Theorem 18.31 that 9^ ,^ = c + mja^^^^ for some m G N and 
c G with c < l/a^^_^j. By Proposition 18.91 we know that Q^^^^y > and 
since = a:^^, ,7^+1/07^+1 by Corollary 13.151 we observe that m 



and c = Thereby 61^,^ = ^ + l/«7.- 

Because a^y^b^ = < (j<7.+i)2 ^ ^^^^^^ j^^^^ < K. Thus 

which shows that 9^^^ > as wanted. □ 
Proposition 8.14. In the setting of Theorem \8.3\ we get for v G {0, . . . , (7*} 

e = min|eG7^„ e>^}. 

Moreover, G if^ z/ and only if fi = u, and 

— <Co<---<^<Cg*- 

Proof. Note first that l/a-^,^ < for every u = 0,...,g*. Furthermore, 
Ci, G Hi, by Lemma [HTl By Remark [8.101 we then see that < for 
< (7*. If C^l G if^ for some /i, G {0, . . . , (/*}, then < by definition as 
> l/a^^. It follows from Lemma 18.131 that 9f^^u = ^,1, and further, /i = z/. 
Moreover, = min {6*^,1^ | /i = 0, . . . , (?*} for any z/ = 0, . . . , (7*. Hence 











^7. J 



□ 



Corollary 8.15. Let a be a simple complete ideal of finite colength in a two- 
dimensional regular local ring a. The sequence of pairs {a^^, bo), . . . , {a^^,bg*) 
and thereby the set of the jumping numbers of a, is totally determined by the 
numbers C,q, . . . , . 
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Proof. For u G {0,...,g*}, write 7 := ju+i, V '■= lu, Uy := a^i/a^ and 
Vu '■= by/a^. Corollary 13.151 gives Uy = x^^^ while Vy = x^^^X^ + by 
Lemma fS.li Then 

_ 1 1 _ ttrj + by _ 1 Uy + Vy 



(X^j by Ofj^by Ct'y IXyUy 

Moreover, by Lemma [8. II we have 

ir , \ Af \ gcd{a^,by} 

gCd{Uy + Vy, UyVy} = gCd{Uy , Vy\ = ^ = 1. 

Thus and ^1 determine Uy + Vy and UyVy. Note that Uy and Vy are the 
roots of the quadratic equation — {uy + Vy)uj + UyVy = 0. So Uy and Vy are 
uniquely determined by and C,'y. 

Given all the numbers ^q, . . . , suppose that we would know the integer 
as well as the pair {uy,Vy) for some p > 0. Then we obtain = a^Uy, 
and from the product ari^'y_^ we get the pair {uy-i,Vy-i) as described above. 
Because 07^.^1 = 1, we see that ^g* yields {ug*,Vg*) = {a^^,,bg*) so that 
we eventually get all the pairs {uo,vo), . . . , {ug*,Vg*) as well as the integers 
a^g, . . . , a^^^ . Subsequently, we get the sequence (a^^, bo), ... , {a^^, ,bg*), and 
the claim now follows from Theorem 18. 3[ □ 

Lemma 8.16. In the setting of Theorem \8.3\. consider the set 

1 



if' := U e Ha I e < 



Write a := a^^/a^-^ and b := bo/a^-^. Then H' = E Hq \ < and 
(i) H' is empty, if and only if g = 0; 

(a) H' has exactly one element, if and only if {a,b) = (2,3); 
(a) H' has exactly two elements, if and only if {a,b) = (2,5). 

Proof. Observe that Lemma ISTTl yields gcdja^g, 60} = cl^i and a^^ < bo. Thus 
a < b are positive integers. Note also that C,'y > l/a^^ whenever > 1 by 
Proposition 18.141 Thereby H' = {C, Ho \ ^ < I/071 } where the inequality 
is strict by Remark 18.101 

(i) H' = ^ exactly when a^^^Q = l/a + 1/6 > 1. This is the case if and 
only if By Proposition 13.51 this is equivalent to g = 0. 

(ii) Theorem 18.31 implies that H' has exactly one element, if and only if 
G H', while 1/a^o + 2 /bo ^ H'. This happens exactly when 

11 ,12 

- + - < 1 and - + - > 1. 

a b a b 
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Clearly, this takes place if and only if (a, b) = (2, 3). 

(iii) It follows from Theorem 18.31 that H' has exactly two elements, if and 
only if both and 1 / a^^ + 2 /bo are in H' while 1 / a^^ + 3/6o and 2 / a^^ + 1 /&o 
are not. This is equivalent to the condition 



12 r 1 3 2 1 

- + 7 < 1 < mm < - + 7, - + 7 
a b \ a b a b 



Obviously a > 1. If a > 3 then 2/a+ 1/b < 1 for any b > a. Therefore a = 2, 
and the inequality on the left implies that 6 > 4. If 6 > 6 then 1/2 + 2/6 < 1. 
Thus the only possible solution to this is (a, b) = (2, 5). □ 

Theorem 8.17. The point basis I = (ai, . . . , a„) of a simple complete ideal 
a of finite colength in a two-dimensional regular local ring a can be read off 
from the set Tia of its jumping numbers. In particular, the jumping num- 
bers belonging to the subset Ti' := {c E Tia | < c < 1} determine the 
multiplicities 0-1, ... , . 

Proof. As a^^ > 1, Lemma [8.161 (i) implies that Ti' = 0, if and only ii g = 0. 
Then ai = ■ ■ ■ = a„ = 1, i.e., P = n. Subsequently, Proposition 18.111 yields 
= 1 + 1/n so that n = 1/{^'q — 1), and we are done in this case. 
Consider then the case H,' ^ 0, i.e., g >l. Suppose first that besides the 
jumping numbers of a, we would already know the multiphcities ai, . . . , a^^. 
According to Proposition 13.51 = 1 for every i = jg, . . . ,n. Thus it remains 
to determine the number n. Let ^' be as above, and let ^" := max{c G 
Tia I c < 1}. By Proposition 18.111 we know that ^' = 1 + 1/J^, while 
f ' = 1 - l/(/^Ts)2. Therefore we see that 

n - 7. = - (/^^^^ ^ ^ 



e - 1 e' - 1 

Let us then prove that the set Ti.' determines the multiplicities 
According to Proposition 13.71 it is sufficient to find the rational numbers 
P'l, ■ . . , Pg- Recall that := 1 + p„^^^/a^^ by Remark [3. 14[ Since 

a,A = a-^""^)' = < + [/']o + ■ ■ ■ + [/^ 
for every z/ = 0, . . . , (7 — 1, we get by Proposition 15.21 

As a^^b^ — a^^_^b^^i = a^^p„^^^, it is enough to find out all the pairs 

(a^o, 60), • • • , (a79„i, 
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Arguing inductively, suppose that for some l<k<g — Iwe know the 
pairs (a^Q, bo), . . . , {a^^_^, bk-i)- Then we obtain by Lemma [HI] 

«7fc = Scd{a^^_^,bk-i}, 

and by Proposition 13.51 we know that a^^. > a^^ = 1. The least element in 
Ha greater than 1 / a^^, is by Proposition 18.141 

and because 1 < a-y^. < bk by Lemma [HI] we see that ^[ lies in the set H'. 
Now bk = {C,k — '^/(^-jk)^^- Thereby we get also the pair {a^^,bk)- 

The problem is to find the first pair of integers (a^(,,6o). By Theorem 
18.181 below the three smallest jumping numbers determine the order of the 
ideal a, which is precisely the integer a-^g. Then bo = (^q — l/a^g)"^. Thus 
everything is clear, if Ti' has at least three elements. 

It remains to consider the two special cases where Ti.' has either two or 
only one element. Let us show that then g = 1. We already saw that 7^' 7^ 
implies g > 1. Suppose that we would have g > 1. Then it follows from 
Proposition 13.51 that a^^ > a-y^ = 1, i.e., a^^ > 2. Proposition 18.141 implies 
that ^0 < l/'^7n further, ^'q < ^[ < ^'q + < < 1. This means 

that ^Q, C,[ and + l/a^^ are all in Ti.', which is impossible. Therefore we 
have g = 1 in both cases so that a^^ = 1 by Proposition 13.51 Write a := a^^ 
and b := 6o- 

Suppose first that is the only element in Ti.'. By Lemma 18.161 (ii) we 
must then have (a, b) = (2, 3). In this case we get 

(ai,...,a^J = (2,1,1). 

Suppose next that H' has just two elements. Then by Lemma 18.161 (iii) we 
have (a, b) = (2, 5), in which case 

(ai,...,a^J = (2,2,1,1). 

Thereby we are done as soon as we have proven the next theorem. □ 

Theorem 8.18. Let a be a simple complete ideal in a two-dimensional regular 
local ring a. Let ^ < < be the three smallest jumping numbers of a, and 
let Ho be as in Theorem \8.3[ Then the order of the ideal a is 

5 



ord(a) 



1 



z/6e = 10^-5C; 



if 6^ 7^ lOifj - 5C. 



Moreover, ord(a) = I if and only if > 1, and if ^ < 1 < then ord(a) 
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Proof. Let a^^, . . . , a^^ and bo, . . . ,bg* be as in Theorem 18.31 Note that 
ord(a) = a^g. By Proposition 18. 141 we know that 

^ = ^'o = — + ^eHo. 

We shall first show that ip & Hq implies ord(a) = 1/(2^ — ip), while ip ^ Hq 
gives ord(o) = 5/3^. We shall then verify that 6^ = IQifj — 5C is equivalent 
to ip ^ Hq. This will prove the first claim. 

Suppose first that ip ^ Hq. Because a^^ < Bq by Lemma 18.11 it follows 
from Theorem 18.31 that necessarily 



provided that in the case g* > 1 we can prove that ip < l/a^^. Indeed, 
suppose that we would have ^/^ > l/a^^. As (7* > 1, we know by Proposition 
18.141 that C,'i ^ Hq. This means that < Lemma [8. 131 yields < Oo,i so 
that l/ttj-^ < ip < 9q i contradicting the definition of 6^0,1. Thus we observe 
that ii i(j & Hq, then 

1 

Suppose next that ip ^ Hq. Then g* > 1. By Proposition 18.141 we get 
ifj = ^[ > 1/ a^^. So ^ is the only jumping number at most l/a^i, in which 
case Lemma [B.16I (ii) gives (a^(,,6o) = (2a^-^,3a^J. Hence 



^ = — — , or equivalently a^^ 



5 

6a^^ ' 3^ ' 

as wanted. 

Let us now verify that in the case ip ^ Hq we have 6^ = IQip — 5^. It is 
enough to prove that 

C = — + (55) 

because then 2'p — ( = l/a^^ = 6,^/5, i.e., 6,^ = lOip — 5(. Observe that if 
g* = 1 or if g* > 1 and l/a^^ + 2/bi < l/a^^, then + 2/bi G Hi by 

Theorem 18.31 Subsequently it is the smallest jumpling number in Hi greater 
than ip, as a^^ < bi. 

We aim to show that 1/a^^ + 2/bi < 6q^i and that Oq^i < l/a^^ whenever 
g* > 1. These will then yield that l/a^^ +2/bi G Hi and that ( ^ Hq. The 
condition 6*0,1 < l/a^a "^ill ^Iso guarantee by Proposition 18.141 that ( ^ H^, 
for any u > 1 in the case g* > 1. But then the only possibility is & Hi, 
which will then prove Equation (l55l) . 
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Since = a^iP„,^i by Proposition 15. 2^ we see that 

Oi — — — — Oa^^ + Pn,'yi ■ 



This, together with Lemma [8. 131 imphes that 

12 1 2^1^ 
— + T-< — + 7^<e+ — = ^0,1- 

If (?* > 1, then it follows from Proposition 13.51 that a^^ > a^^ so that 

by Lemma 18. 131 This means that 9o^i < 1/072- The proof of Equation (l55l) 
is thus complete. 

Assume then that 6^ = lOip — 5(, and that we would have ip G Hq. As 
we saw above 2^ — ip = which further yields ip — ^ = l/&o- 

Suppose first that C < 1/071- It follows from Proposition l8.14l that ( G Hq. 
By applying Theorem 18.31 we observe that 



[s,t)GNV{(0,0);(0,l)}L 



C = mm < \ — 

I O70 

so that 

13 ^21 
C = — + 7- or ( = — + -. 

If C = 1/070 + 3/60, then we get 

- = 5C = 5(2e - ^) + - = 9e + lOV', 

which is impossible. If C = 2/a^(j + I/Bq, then 

10^ - = 5C = 10(2^ - ^) + 5(7^ - = ise - 5^^, 

which yields 9/bo = 9ip — 9^ = 12C^—6ip = i.e., a^^/^o = 2/3. It follows 

from Lemma [8. 161 (ii) that ^ //o? which is a contradiction. 

We must thus have ( > l/a^^^. Note that 1/071 is not a jumping number 
by Proposition 18. 9[ Now ^ and iJj are the only jumping numbers at most 
1/a^-^ . By Lemma 18.161 (iii) we then have 07^ = 207^ and 60 = 5a^-^ . This 
gives 

1 ^ lOth-ee 4 14 24 1 

58 



which is a contradiction. The first claim has thus been proven. 

It remains to prove the last two claims. Proposition 13.51 implies that 
a^o = 1 if and only ii g = 0. Moreover, it follows from Lemma 18.161 (i) that 
this happens exactly when ^ > l/a^^ = 1. 

Assume then that ^ < 1 < in which case g > 0. This implies that the 
set H' in Lemma 18.161 has either one or two elements. Indeed, otherwise we 
would have ( & H' in which case C < < 1- So by Lemma 

18.161 (ii) and (iii). We need to verify that a^-^ = 1. If a^^ were greater than 
one, then we would have g* > 1 because of Proposition 13.51 Lemma 18.131 
would then yield ^[ < 6*0,1 = C, + Since ^ < 1 / a^-^^ < hj Proposition 

I8.14[ we would then have ^ < < 6*0,1 so that 

1< C < ^0,1 < — < 1, 

which is a contradiction. Therefore a^j = 1, i.e., a^^ =2. □ 

Example 8.19. Suppose that / = (2, 1, 1). It follows from Theorem 18.31 that 
in Theorem EIIH]^ = 5/6, -0 = 7/6 and C = 8/6. Then 6^ = 10^ -5C. On the 
other hand, in the case I = (3, 1, 1, 1) ^ = 7/12, ip = 10/12 and C = 11/12 
so that 6^ ^ lOip - 5C. 

9 Jumping numbers of an analytically irre- 
ducible plane curve 

In this section, we aim to utilize Theorem 18.31 in determining the jumping 
numbers of an analytically irreducible plane curve with an isolated singularity 
at the origin. As jumping numbers are compatible with localization, it is 
enough to consider the local situation. Therefore in the following we mean 
by a plane curve the subscheme Cf of Spec a determined by an element / 
in the maximal ideal rria. We will next recall some basic facts about plane 
curves. For more details, we refer to [2], [7] and [4j. 

As before, we assume that the residue field k of a is algebraically closed. 
If /3 D a, then the strict transform of Cf is C^^^ := Spec f3/{f^^^), where f^^'^ 
denotes any generator of the transform (f)^^^. The multiplicity of Cf at P 
is mp{Cf) := ordp{f^^^). Following the terminology of [7], we call the set of 
those /5 D a for which /^^^ (3 the point locus of / (or C/). 

Suppose that / is analytically irreducible. Then by [71 Corollary 4.8] 
there is a unique quadratic transform (3 D a belonging to the point locus of 
/. By [7j Corollary 4.8] Z^^-* is analytically irreducible. It follows that the 
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point locus of / consists of a quadratic sequence 

a = «! C 0:2 C ■ ■ ■ . 

This corresponds to a sequence of point blow ups 

Spec a = Xi <^ X2 ^ ■ ■ ■ . (56) 

There exists the smallest v such that the total transform (tt^ o • • ■ o 7ri)*C/ 
has normal crossing support. The morphism vf := tt,^ o • • ■ o tti : X^^i Xi is 
called the standard resolution of Cj. The multiplicity sequence of Cj is now 

(mi, . . . ,m,,), 

where = rriaXCf)- 

Let us recall the notion of a general element of an ideal. Fix a minimal 
system /i, . . . , of generators for an ideal a in a. Set A := A + rria G k for 
Ago;. One says that a general element of a has some property P, if there 
is a non empty open subset V dM^ such that / = Ai/i + ■ ■ ■ + A^/^ has V 
whenever (Ai, . . . , A^) G V . Note that the ideal can always be generated by 
general elements. 

Suppose that a is a simple complete ideal. It follows from [3, Corollary 
4.10] that a general element / G a is analytically irreducible. As / is general, 
it easily follows that if J = (ai, . . . , a„) is the point basis of a, then (ai, . . . , a^) 
is the multiplicity sequence of Cf. It is clear that the resolution ([2]) of a 
contains the standard resolution of Cj, i.e., if vr : X^+i — > Xi is the resolution 
of a, then 

TT = 7r„, O • • ■ O TTi^^i O 7f . 

Let ^ denote the strict transform oiCj on X^. Since u is the least integer 
such that vr*C/ has only normal crossings, we observe that either = 1, 2 
or intersects transversely the exceptional divisor of tx^^i and the strict 
transform of some other exceptional divisor going through the center G Xy 
of TTy. Therefore a^, must be a satellite point or z/ = 1, 2. Furthermore, since 
Cj"'"^'' intersects for every i G {v, . . . ,?7,} only one of the exceptional divisors 
and that transversely, we see that the points a^+i, . . . ,an are free. It follows 
that = 7g = maxFtj. 

In a lack of a suitable reference we state the following lemma: 

Lemma 9.1. Let a be a simple complete ideal of finite colength in a two- 
dimensional regular local ring a having the resolution ^ and the point basis 
ya,i , . . . , fln 

) . Let f be an analytically irreducible element in ma- The following 
conditions are then equivalent: 
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(i) rriaXCf) = ai for i = 1, . . 
(it) n*Cf = Cf^'^ + K; 
(iii) Cj"^^^ ■ Ei = 6i.n fori = 1 



(iv) if E^^^ passes through ^„ G Xn for some i < n, then Cl"^ intersects e\^'^ 



transversely at <j„. 
Proof. We know that 



i=i 

Since En = J2]=i^jEh ^^^^ proves the equivalence of (i) and (ii). Write 

n 

.Xf-c^;^'' = Y,d,E, 

By the projection formula vr*C/ ■ -Ej = for alH = 1, . . . , n. As Ej ■ Ei = 6ij 
for all j = 1, . . . , n, we now obtain di = C^^~^^^ ■ E^. It thus follows that (ii) 
and (iii) are equivalent. 

In order to prove the equivalence of (iii) and (iv) we first observe that in 
any case G Cl"\ Because C/ is analytically irreducible, we see that if E'f'^ 



then <,n is the only f 

-,{n) j-,(n) _ -I f,^. * T^(n) 



passes through then ^„ is the only point of intersection of Cj*^^ and eI^\ 



This implies that (iv) is equivalent to Cp ■ Ef"' = 1. As <Ef ^ = + 
we get by the projection formula 

^{n) _ j^{n) _ Q{n+l) _ _ . J^. _|_ Q^^^^'^ . 

This immediately shows that (iii) implies (iv). Conversely, assuming (iv) and 
observing that the both summands on the right hand side are non negative 
and 4"+') ■ K ^ 0, we get Cf^'^ ■ = and C}"+'^ ■ E^ = I. Thereby 

we see that (iii) holds. □ 

Remark 9.2. Following [201 Definition 7.1] and |3|, Definition 1] we could 
define an element / G a to be general, if the corresponding curve Cf is 
analytically irreducible and Cj""^ intersects transversely at g„ G every E^"'^ 
{i < n) passing through <^„. 
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We will now describe the correspondence between simple complete ideals 
and classes of equisingular plane curves following the exposition given in 
II. 5, p. 433]. The class of equisingular curves L corresponding to the ideal a 
is defined to be the set of the analytically irreducible plane curves whose strict 
transform on Xn intersects transversely at the point c,n the strict transform 
of any exceptional divisor passing through <^„. Note that £ is specified by a 
pair (C, t), where C G £ is a curve and t := n — i/, so that £ is the collection 
of all the curves equisingular to C and sharing the z/ + t first points of its 
point locus with C. 

Conversely, let L be the class of equisingular plane curves specified by 
the pair (C,t). Then the corresponding simple ideal a is generated by the 
defining equations of the elements of L. If the standard resolution of C is 
7f : Afj^+i ^ Xi = Spec a, then a is the ideal, whose resolution is vr = 
7r„ o • • ■ o TTi^+i o 7f : Xn+i Xi, where n = u + t and VTj : A'j+i Xi is the 
blow up emerging in the sequence (l56l) corresponding to the point locus of C. 

For the convenience of the reader we state the following variant of flUi 
Proposition 9.2.28] adjusted to our case: 

Proposition 9.3. Let a be a two-dimensional regular local ring and let a be a 
simple complete ideal in a having the resolution Suppose that C C Spec a 
is an analytically irreducible plane curve, whose strict transform intersects 
transversely at the point ^„ the strict transform of any exceptional divisor 
passing through <^„. Then the multiplier ideals of the curve C and the mul- 
tiplier ideals of the ideal a coincide in the interval [0, 1[. In particular, the 
jumping numbers of the curve C and the ideal a coincide in the interval [0, 1[. 

Proof. Take a non- negative rational number c. The multiplier ideal jr(c-C) C 
a is defined by 

J{c-C) ■.= T{X,0;,{K;,-[c-n*C\)), 

where 7r*C is the total transform of C on X. Since C*-"-* intersects transversely 
at the point <j„ the strict transform of any exceptional divisor passing through 
qn, Lemma EI] (ii) implies tt*C = C^") + Moreover, aOx = Ox{-En), 
and thus 

Jic-C)=T{X,0;,{K;,-[c-K\ - Lc-C(")j)), 
Suppose that < c < 1. Then [c ■ C*-"-*] vanish, and we obtain 

J{c-C)=T{X,Op,{K:^-[c-En\)) = J{a'). 

□ 
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Theorem 9.4. Let a be a two-dimensional regular local ring, and let a be 
a simple complete ideal in a having the resolution Let C C Spec a 

be an analytically irreducible plane curve, whose strict transform intersects 
transversely at the point ^„ the strict transform of any exceptional divisor 
passing through ^n- Then the set of the jumping numbers of C is 

He = {c + m I c G U {1}, < c < 1 and men}, 

where Tia denotes the set of the jumping numbers of a. 

Proof. By the periodicity of the jumping numbers for integral divisors (see 
e.g. P, Remark 1.15]) we know that c > is a jumping number of C if and 
only if c + 1 is. Thus it is enough to find out the jumping numbers of C in 
the interval ]0, 1]. 

If c < 1, then by Proposition [93]jr(c ■ C) = J{a^). Because [c ■ C(")J = 
for c < 1, we must have J'{c ■ C) 2 JiC) for c < 1 and thus 1 must be also a 
jumping number of C. Hence c g]0, 1] is a jumping number of C, if and only 
if c e Ho or c = 1. □ 

This result can be utilized in determining the jumping numbers of an 
arbitrary analytically irreducible plane curve. 

Corollary 9.5. Let a be a two-dimensional regular local ring and let C C 
Spec a be an analytically irreducible plane curve. Let a be the simple complete 
ideal in a corresponding to the class of equisingular plane curves specified by 
the pair (C, 0). Then the set of the jumping numbers of C is 

He = {c + m\ c eHaU {1},0 < c < 1 andm eN}. 

Proof. As we observed above, the standard resolution of C coincides with the 
resolution of o. Then the claim is a direct consequence of Theorem 19. 4[ □ 

Remark 9.6. By Corollary 19.51 we observe that the jumping numbers of C 
depend only on the equisingularity class of C, because by Theorem 18.31 the 
jumping numbers of a less than one are totally determined by the multiplic- 
ities ai, . . . , of the point basis (ai, . . . , a„) of a. 

Remark 9.7. Let C be an analytically irreducible plane curve, and let 
(ai, . . . , Ojy) be the multiplicity sequence of C. Let Xi denote the i:th row 
of the inverse of the corresponding proximity matrix, and let {71, . . . , 7^} be 
the indices corresponding to the terminal satellites. Note that g is the genus 
of the curve C, (see e.g. [1, Definition 3.2.1]). The characteristic exponents 
of C are 

Pk ■= ai + pn,^o ^ Pn,7fe-i' where k = 0,...,g. 
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It is easy to see by induction on k that gcd{/3o, • • • , h} = cl-^^- Indeed, we 
first observe that [3q = ai and Pk = Pk-i + Pn,7fc_i for every < k < g. 
Assume that gcd{/?o, • • • , Pk-i} = d^k-i- Then by Proposition 13.71 

gcd{/5o, ...,(3k} = gcd{a^^_^,p„,fc-i} = 07^- 

The characteristic pairs or Puiseux pairs (in the case k = C) are the pairs 
of integers (m^, n^) for = 1, . . . , (7, where 

- A 

rrik ■— — ana ■— ^^,^,'^^-1 

(see, e.g., [U, Remark 3.1.6]). We can obtain the pairs (a^^, 60), • • • , (0-79, 
from these as fohows: Corollary 13.151 yields 

TXli = Xy^^yg + P7j,7o + ■ ■ ■ + P7i,7i_i 

and a^-_-^ = rii- ■ - rig for i = 1, . . . ,g. Moreover, p-y.^-y-.^^ = rrii — Uimi^i for 
i = 2, . . . , g, which further yields Pn,7i_i = ('^i+i ■ ■ ■ ng){mi — nirrii^i). Then 
also a^-_-^/a^j. = Ui- ■ - Uk for i = 1, . . . , k + 1. Proposition 15.21 implies that 

^Ik^k = I ■ 1-'^''+^ = a^^ + 070^?!, 70 + ■ ■ ■ + '3'7fcP?i,7fe- 

Writing yji = mi and ipi = rrii — nirrii-i, we then get 

fc+i 

a^^ = nfc+i ■ ■ - n,, and bk = ^(r^i+i ■ ■■ng)(ni ■ ■ ■nk)(pi 

1=1 

for every k = 1, . . . , g. 

Theorem 9.8. Let a be a two-dimensional regular local ring. The jumping 
numbers of an analytically irreducible plane curve C C Spec a less than one 
determine the equisingularity class ofC. 

Proof. Take the ideal a corresponding to the class of equisingular curves 
specified by the pair (C,0). Then the point basis of a is the same as the 
multiplicity sequence (oi, . . . , a^^) of C. By Theorem 19.41 we know that the 
the jumping numbers of a, which are less than one, coincide with those of 
the curve C. By Theorem 18.171 they determine the sequence of multiplicities 
(ai,...,a^J. □ 

In Theorem 19.41 we saw how to obtain the jumping numbers of the ana- 
lytically irreducible plane curve determined by a general element of a simple 
complete ideal from the jumping numbers of the ideal. In the next theorem 
we consider the converse situation. 
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Theorem 9.9. Let a be a two-dimensional regular local ring, and let a be 
a simple complete ideal in a having the resolution Let C C Spec a 

be an analytically irreducible plane curve, whose strict transform intersects 
transversely at the point ^„ the strict transform of any exceptional divisor 
passing through ^n- Then the set Tia of the jumping numbers of a is 



where v = Vn denotes the divisorial valuation associated to a. 

Proof. As before, let / = (ai,...,a„) denote the point basis of a and let 
Tia = Hq U ■ ■ ■ U Hg* be the set of the jumping numbers of a where the 
subsets Hi, are as in Theorem 18. 3[ Recall that t>(a) = P (see Remark 15.61) . 
By Proposition 18.111 



Proposition 19.31 shows that < c < 1 is a jumping number of a, if and only 
if c G Tic- Moreover, Proposition 18.91 says that 1 ^ Tin. In order to prove the 
claim, it is thereby enough to show that every element of H,^ greater than 
one is in Tic for any u < g*, and that every element of Tic gerater than one 
is in Ha- 

Suppose that ^ > 1 and ^ G H,y for some u < g*. Theorem 18.31 implies 
that ^ = c + m/a^^_^_^ for some c & Hy and m G N, where < c < o^J^^- By 
Proposition 18.91 we even know that c < o^j^j- Now m > (1 — c)a^^^^ yields 
^ > C"y^+i- Write m = m'a^^^^ + m", where m' G N and m" < a^^^-^. Set 
c' := c + m"/a^^^^. Then c' G H,y and < c' < 1. By Proposition 19.31 G Tie- 
As ^ = c' + m', it follows that ^ G Tic- 
Take ^ G He so that ^ > 1. By Proposition 18.111 the case is clear, if 
is an integer. Let us then assume that ^ is not an integer. Proposition 
19.41 implies that ^ = c + m, where m is a positive integer and c G H,^ with 
< c < 1 for some u G {0, ...,5^*}. It follows from Theorem 18.31 that 
c = c' + m'/ a-y^+i for some m' G N and for some c' G Hi, satisfying c' < . 
Thus ^ = c' + (a^^^-^m + m')/a^^_^^, and ^ G Ha according to Theorem 18 31 
This completes the proof. □ 

Remark 9.10. In the setting of Theorem 19. 9[ o is the ideal corresponding 
to the pair {C,t), where t = n — 'jg. The jumping numbers of the curve 
C together with the integer t, or equivalently the integer n, then determine 
the jumping numbers of a. Indeed, according to Theorem 19.81 the integer jg 
as well as the entire multiplicity sequence (ai, . . . , a^^) of C can be obtained 
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from the jumping numbers of the curve C. Because a^^ = ■ ■ ■ = a„ = 1 by 
Proposition I3.5[ we then get v{a) = of + ■ ■ ■ + a^^ + n — •jg. 
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